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Preface

Dear Participant,

Thank you for participating in the fourtidition of the Bubble Cup. On behalf of Microsoft Development
Center Serbia (MDCS), | wish you a warm welcome to Belgrade and | hope that you will enjoy yourself.

MDCS has a keen interest in putting together a world class event. Most of our team merati@ipated
in similar competitions in the past and have passion for solving difficult technical problems.

This edition of the Bubble Cup is special. It is the most international event that we had so far. This year,
teams from Serbia, Bosnia, CroatiadaBulgaria are competing in the finals. In our evaluation of
participants, we observed that at least a dozen |01 Olympians from the region will participate in the Bubble
Cup finals this year. You folks are the best that this region can offer!

Given tha we live in a world where technological innovation will shape the future, your potential future
impact on humankind will be great. Take this opportunity to advance your technical knowledge and to build
relationships that could last you a lifetime.

Thanls,
Dragan Tond
MDCS Group Manager/Director

MDCS; Bubble Cup 201 S
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About Bubble Cup and MDCS

BubbleCups a coding contest started by Microsoft Development Center Serbia in 2008 with a purpose of
creating a local competition similar to the ACM Collegiate Contest, but soon that idea was outgrown and
the vision was expanded to attracting talented programmfemn the entire region and promoting the
values of communicain, companionship and teamwork.

The contest has been growing in popularity with each new iteratlonits first year close to 100
participants took parand this year, 2011, it attracted morthan 500 participants from 8 different
countries.

This year the emphasis was keeping intact all of the things that made BubbleCup work in previous years
but taking every opportunity to tweak arglibtly improve the format of the contesAmong others, the
novelties include complex, serioupialificationproblems that are chosen to take advantage of the long
period of time given to the contestants, as well as problems in the final which make teams think about
some constraints that are raly tested in this type of competition.

Microsoft Development Center Serbia (MDC®ps created with a mission to take an active part in
conception of novel Microsoft technologies by hiring unique local talent from Serbia and the region. Our
teams contribil S O2Y LRy Syida G2 &a2YS 2F aAONRaz2FiQa LINBYA
Server, Office 8ing.Thewhole effort started in 2005, and durirthe last 6 years a number of products

came out as a result gfreat team work and effort.

Our developrent center is becoming widely recognized across Microsoft as a center of excellence for the
following domains: computational algebra engines, pattern recognition, object classification, computational
geometry and core database systems. The common thentegrall of the efforts within the development
center is applied mathematicBlDCSeams maintain collaboration with engineers from various Microsoft
development centers around the world (Redmond, Israel, India, Ireland and China), and Microsoft
researches from Redmond, Cambridge and Asia.

6 MDCS; Bubble Cup 2011
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Bubble Cup Finals 2011

The Bubble Cup Finals, like the previous years, were held at the School of Electrical Engineering in Belgrade.
The competitors had five hours for eight problems. In this booklet you willrine problens - problem |
(generalization of problem E) was removed from the actual competition because of its difficulty. For ties,
the same rules appliedsin previousyears: if two or more teams solved the same number of problems, the

one who needed th least time was ranked best. Additionally, teams received bonus points depending on
their qualification results, but for each problem there were time penalties if a team had incorrect
submissions before managing to solvéRtoblem A turned out to be vgrgood at making teams collect
penalty point3. Programming style is not considered tinis contest¢ contestantsare free to code in
whatever stylethey preferand dcumentation is not required.

This yeayrproblems fromthe finals areslightly easier thanhe last yearThe enphasg was on stimulating
students(xreativity - some of the problemsvere not so standard for programming competitiariEhe dea
behind this was to test contestants in some ardas which they were not very wellprepared. The
Scientific Committee ipleasantly surprisedvith the skill the competitors have showfThree prdlems
were solved by all teams, whilendhe other side there was only one probldimat no team managed to
solve.

TeamSuit Up!won the competition improving on last year, whethey were second). The second place
went to wehmuma They managed to solve six problems and edgeexit thanks toa smaller time
penalty.

This year the Scientifio@mittee decded to give some special awards:

1 Award:Silverlightning
Teamwehmuma - Rumen Hristov, Georgi Georgiev and Alex Ivafuothe first accepted solution
to a problem.

1 Award:system("pause");
TeamGastartbubblerss Rajko Nenadov, Slobodan Mitrovic and Nikola Skdioe lifetime
achievement in programing excellence and spreading the BubbleCup spirit.

1 Award:Hardcoding Expert
Teamv.haralampiev- Vladislav Haralampiefor being the first to solve LR Primes despite a lack of
manpower.

The Scientific Committee would like congratulate all of you, tearmend individuals, for the hard work you
put in solving the problems we selected, and for your enthusiasm and interest in the Bubble Cup
competition.

MDCS: Bubble Cup 201 7
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The final scoreboard

Place Team Team crew Score  Penalty
Gustav Matula, XV. Gimnazija Zagreb
1. SuitUp! Il van Katanit, Gimnazija Pozega 7 824
lvica Kinit, V. gimnazija Zagr €
Rumen Hristov, High School of Natural Science and Mathematics
2. wehmuma Georgi Georgiev, SMG 6 760

Alex Ilvanov, Nancho Popovich Maths and Science High School
Alexander Georgiev, Sofia University

3. ex1t George Acev, Sofia University 6 1019
Preslav Le, Sofia University

Demijan Grubic, Gimn. Jovan Jovanovic Zmaj
i Gari Boris Grubic, Gimnazija Jovan Jovanovic Zmaj 5 480
Mario Cekic, Gimnazija Jovan Jovanovic Zmaj
Nemanja Skoric, ETH Zurich

5. Gastarbubblers Slobodan Mitrovic 5 538
Rajko Nenadov, ETH Zurich
Viktor Braut, FER Zagreb
0. Tim Raketa Frane Kurtovit, FER Zagreb 5 589
Anton Grbin, FER Zagreb

. R Nikola Stojilikovic, Gimnazija Svetozar Markovic, Nis
7. ENRXOf 2 S Nikola Smilikovic, Gimnazija Svetozar Markovic, Nis 5 734
Nikola Stevanovic, Gimnazija Svetozar Markovic, Nis
Maja Kabiljo, Racunarski Fakultet

8. MagicS Mi rosl av Bogdanovit, Racunar ski 5 734
Milos Stankovic, Racunarski Fakultet
Mladen Radojevic, ETF Beograd

0. kikiriki i pivo Ugliesa Stojanovic, RAF/ETF Beograd 5 844
Aleksandar Tomic, ETF Beograd
Nenad Bohidarevit, Ranunar ski f

10. | like it RAF Vanja Petrovit Tankovit, Ranundg 5 949
Aleksandar Milovanovic, Ranunar s ki fakultet,
Dusan Zdravkovic, Gimnazija Svetozar Markovic Nis

11. SForce Dimitrije Dimic, Gimnazija Svetozar Markovic Nis 4 358

Stefan Stojanovic, gimnazija Svetozar Markovic Nis
Nikola Milosavljevic, PMF Nis

(22 The Ninjas Marija Cvetkovic, PMF Nis 4 408
Aleksandar Trokicic, PMF Nis

Andrija Milicevic, University of Zagreb - School of Medicine

i doktori Marin Smiljanic, FER Zagreb 4 431
Goran Gasic, FER Zagreb

IZB v .haralampiev Vladislav Haralampiev, SMG 4 474
Vladimir Vladimirov

IS [BG] Coders Yordan Chaparov, Atanas Radev 4 478

Yasen Trigonov, OMG
Dominik Gleich, XV. Gimnazija

5| TPPH Zvonimir Medit, XV. Gimnazija 4 515

Drago Plecko, XV. Gimnazija
Nina Radojicic, Matemati nki fakultet, Beograd

iIFA Royal Randoms Stefan Miskovic, Matematiriki fakultet, Beograd 4 902
Stefan Jankovic, Matemati nki Fakultet, Beograd
Damir Ferizovic, MSS Bosanski Petrovac

18. Firewall Daniel Ferizovic, MSS Bosanski Petrovac 3 213
Al eksandar | vanovic, Prva kragy
Predrag llkic, Gimnazija Veljko Petrovic

19. GimnazijaSombor Slobodan llkic, Gimnazija Sombor 3 414

Dejan Pekter, Gimnazija Veljko Petrovic

8 MDCS; Bubble Cup 2011
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Statistics from finals

Number of teams

Number of teams with at

Total percentage of

ID Problem name with correct least onesubmission accepted
solutions attempt submissions
A Card 13 19 09.77%
B Rook 19 19 50.00%
C Tree game 19 19 82.60%
D Transformations 9 11 20.93%
E LIS 0 3 00.00%
F Padlock 19 19 67.86%
€ LR primes 6 8 22.22%
H Hashed strings 3 6 15.00%

Table 1. Problem statistics

20
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Chart 1. Number of correct solutions

ID Task name Elapsed time for the first Average elapsed time for acceptec
accepted submission submission

20 Card 1:53 3:08

=8 Rook 0:09 1:03

o Tree game 0:20 1:11

PR Transformations 1:42 2:56

E LIS / /

= Padlock 0:38 1:40

€ LR primes 2:14 4:00

a8 Hashed strings 2:56 3:36

Table 2. Time statistics

MDCS; Bubble Cup 201
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Problem set & Analysis

from Fimals
50, THE GREATEST HACKER MRS. ROBERTS HAD TWO CHILDREN.
OF OUR ERA |5 A HER SON, BOBBY, WIAS NEVER MUCH FOR
CCGME BAKING MOM? COMPUTERS, BUT HER DAUGHTER ELAINE
EECG\E)-GREHTEST “Took. TO THEM LIKE A RING IN A BELL.
\WHEN ELAINE TURNED 11,

HER MOTHER SENTHER TO
TRAIN UNDER. DONALD KNUTH
INHIS MOUNTAIN HIDEAWAY.

Ny

FOR FOUR YEARS SHE
WHY 15 At SEARCH WRONG
STUDIED ALGORITHIS. |\ THIS SITUATION?
MEMORY
— USAGE!
O WHAT WoULD | DITKSTRA'S
YOU USE?  ALGORITHM!
UNTIL ONE DRY
GHE BESTED 50 OUR LOWER NOPE.
HER MASTER BounD GOT ITIN
0(n log (logn))
1 AND LEFT,

Taken from xkcd.com A web comic of Romance, Sarcasm, Math, and Language

10
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Problem A: Card

Problem A: Card

Author: Milan Vugdelija Implementationand analysisMilan Vugdelija

Statement

Mike often needs to know if he could place a rectangular card ofésizedinto an envelope of siz& Q

Ly 2NRSNJ G2 0S FLaldSNE aAlS R2SayQd NBFfte GNB G
table and then tries to covet with an envelope. Of course, both the card and the envelope can be rotated,

but they cannot be folded.

Now, Mike wants to be even faster. He decided to find the answers for all sizes of cards and envelopes he
2LISNF S48 6AGKD ¢ KI droragrad KhSudRompedhe andmyet for Ang garticuar case.
¢KS LINBINIY aKz2dzZ R ¢g2N] GKS &alYS gFre& aixlS R2Sa KA

Input:

The first line contains four integeédtochand'Qdelimited by a space. All vas are less thag  p U

Output:

¢CKS 2dziLdzi O2yidlAya 2yfteée 2yS aGNARYy3AY aeéSaé 2N ay?

Example input: Exampleoutput:
2334 yes

Time and memory limit:0.5s / 64 MB

Solution and analysis:
1t 68 ySSR G2 R2 A& (2 RAAGAYIdAEK 050(6SSGH a5O5N
and dfiQ sothat®y oo Q
Case 15 4t
In this case the answer is cleanly, since anyxprojection of the card is bigger than
Case2: Jh{ H

In this case card is easily covered with the envelope, for example by matching centers and aligning
card and envelope axes, so the answeyeis

casest if Wt £ ™

In this case the card diagonal + 4 cannot be covered with the envelope, because the

MDCS; Bubble Cup 201 11



Problem A: Card

envelope diagonad 3 M s shorter tharlO . Therefore, the answer .
Caseat it Wt 4 4 ™

This is the remaining case. Now we ha@® @ ‘O 'O and we needto try to put the
Sy@St2135Qa RAFI2ylFE 2SN GKS OFNR® / 2YyaARSNIGKS C
intersects all four sides of the envelope and we need to check if the distance between the nearest two
intersection points isigger or equal taa If so, the answer iges otherwiseno.

Time complexity of this algorithm is constant p .

Test data

Test corpus for this problem contai@®test cases constructed with following methods

9 several tests with different orders of gidizes

1 tests with boundary conditions (for example card and envelope being of equal size)

1 testin which the card tightly fits into the envelope diagonally

T §Saild Ay 6KAOK (KS OFNR R2SayQi FTAG RAFI2yIffex

12 MDCS; Bubble Cup 2011



Problem B: Rook

Problem B: Rook

Author: Milan Vugdelija Implementationand analysisMilan Vugdelija

Statement

There is a generalized chess boardiaé £FfE . A rook should move from squarphp to square g . In
every move, exactly one coordinate must increase by 1 or more. There aré alscupied squares on the
board, so the rook cannot be placed on any of them and cannot jump over.tBguarespfp and &R
are not occupied.

In how many ways can the rook reach the squarg ?

Input:

The first line contains two positive integérsandd delimited by a spaceé, v T Mt p T 1T 7T I @ach
of the nextd lines there are two positive integeréy andw, p  whd &, coordinates ofQ occupied
square,Q phcfB .

Output:

The output contains number of different rook paths, as described above. If this number is 1 wiillion
greater, you should aly output its last 6 digits.

Example input: Exampleoutput:
42 48

33

41

Time and memory limit:2s / 64 MB

Solution and analysis:

[ SG Q& vR $hy¢ Buinier of ways in which the rook can reach the square . Thend ; pand
0§ 0§ 0/
where

o T A@D "Q dirE Qn 6 GTOOE Goo n TR Vi §@ o di Q

N £®RI 0QI Q
o 1 AADP 0 dhE QA6 GAR0E Hho N RN 6@ 4o di Q
P ¢TI 0 Qi Q

MDCS; Bubble Cup 201 13



Problem B: Rook

Using the formula for each square directly gives an algorithm that workséin time, which is too slow
for limitations given in the problem statement.

Introducing two new matrices,

D p 0k OF 0

S5

for each squarecfto we can computed ; Fiof FO | in0 p time, which gives the following &
algorithm:

01 w[1][1] =1

02 for i=1..n

03 forj=1..n

04 if (square (|, j) is occupied

05 afil[] = o;

06 blil[] = 0;

07 wililfi] = 0;

08 else

09 afilli] = (afi - 1] + wii - 1][j]) mod 1000000;
10 b[i]i] = (b[i][i - 1]+ w(illi -1] ) mod 1000000;
1 W[il[i] += (afilli] + brill] ) mod 1000000;

We are assuming here that all elements with at least one zero coordinate are initialized to 0.

Complexity

For thissolution, there are a couple of variations regarding time and space complexity:

a) We can put info about occupied squares into a matrix (for examvpl@nd usea, b, w as matrices.
In that case both time and space complexity is

b) We could also put infabout occupied squares into a separate array of length m and sort it in order

in which the squares are being visited. Also, instead of mateif&s) , it is enough to use the last
two rows of each of them. That gives us time compleiitg | TaC £ , and space complexity
0a ¢.

Test data

Test cases should include:

f An example where it is not possible to move by the rules and reach the scigre
1 A big example with a large table and lots of occupied squares (up to the limit).

14 MDCS; Bubble Cup 2011



Problem CTree game

Problem C: Tree game

Author: Stevan Jofi A 6 Implementationand analysis{ (0 S @I ¥

Statement

You are playing a simple game. You are given an undirected connected graph which does not have cycles.
There is also one coin with is in the beginning located at veiteRne step consists of moving the coin

from the vertex at which it is currently loed to any adjacent vertex (two vertexes are adjacent if there is

an edge connecting them). Every edge has an associated number of points you gain if you move the coin
from one of its vertexes to another. Your task is to calculate the maximal number a@$ goin can gain in
"Osteps. You can move the coin along some edges more than once.

Input:

The first line contains number n, which is the number of vertexes of the tree (number of vertexes
¢ ¢ p nmui.ihe followingge p lines contain information foe  p edges of the tree. Each of the
followinge p lines has three numbers@h of these lines describ€&h edge)q the first two numbers

are vertexes connected by the edge and the third number is the number of points that you gain if you move
the coinalong that edgeThe number of points associated with an edgdess or equal tg 1 1 The
vertexesare labeled with numbers fromto €.

The next line contains the numb&p Q p MmO TTMN
The last line contains the vertex vertex at which the coin ilcated in the beginimg.
Output:

You should output one number which is the maximal number of points you can gastéps with the coin
located in the beginning at vertex

Example input: Exampleoutput:

6 20
123

435

412

366

519

3

4

Time and memory limit:1s / 64 MB

MDCS; Bubble Cup 201 15



Problem C: Tree game

Solution and analysis:

This is a graph problem. On first sight, it looks like this problem requires the standard dynamic
programming approach for treesbottom-up from leaves to the root. But if we play a little fiith this
problem, we will see that the greedy approach will find an optimal path.

Assume that we use following edges@stepspath: i} 'QFAQ B FQ. Edges can be used more than once
so'Q and Q can be the same edgler somep "Q Q QIf thereis an edgeQ (p & Q that has
more points than every edge in thmath ) used afterQ , then the pathp O y QG 6. S8lanli,id thay | f
casewe can use thdirst part QRQ B AQ  p of the pathn and after that we just use edg@ for the
remaininge  "Q p steps This wayve will get more points tham the original path.

Because of this, in the optimal path the edge with the maximal number of points among the edges that
constitute the optimal path must be the edge which was used lastn( a last couple of steps) in the
optimal path.This is the main idea for the algorithm.

[ SGQa ale GKIFG Ay Qbkssd &stidakcoapld of stap¥é dansee khat the mualser of
edges we used prior to using ed@§eshould be as smalis possible; otherwise the path would not be
optimal because we can make a path which uses less edges prior to using addehis path will then get
us more points.

Figure 1. Optimal path

The solution consists of the following: for every edge of the tree we try to go to that edge using the minimal
possible number of edges and then use that edge for every available step left and we choose among those
paths the path withthe maximal number ofoints. Of course, & try this for every edge to which the
minimal number of edges used is less than the available number of #epause this is a tree,encan
accomplish all thigvith one traversal using some standard graph traversal algorith@ESr BFS

Time and memory complexity of this solution are bottE .

16 MDCS; Bubble Cup 2011



Problem D: Transformations

Problem D: Transformations

Author: Stevan Jofi A 6 Implementationand analysis{ (0 S @I ¥
l Y RNEB

Statement

You are gives different transformations of integerphcf8 g, one for each of these n numbers. Using the
first transformation you can transform numbep to some group of numbers, using the second
transformation you can transform numberto some other group of numbye etc. Numbers that can be
derived usingyiventransformations are also integers betweprand¢ .

If you have a group of elements, which are numbers fthrough¢ (there can be multiple instances of

the same number in the group), in one step can yan transform any element of the group to new
elements that are produced using the transformation of the selected element. You start with a group which
has only one element, which is a number betwgemand €, and you can choose which number is the
starting element of the group. Your goal is to have afteteps a group with as much elements as possible.

Input:
The first line contains one positive integerp € p M T TT

The following lines contain information for transformations of numbers frgnto €. Each of the following
¢ lines consists of the following integer§ii of these lines describes transformation of numbBx the
first number, denote it withQ (p  'Q o Jtis the number of elements to which humb&ls transformed
and the follavingQ numbers are the numbers to which numb&s transformed.

The last line contains numberp i v Jwhich is number of available steps.
Output:

You should output one number which is the maximal number of elements your group can possibly have
after i steps.

Example input: Exampleoutput:

4 10
3114

544131

14

221

3

Explanation

There are 4 numberg.he tansformations are:

PO ppt
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O ttpoOp
00 1
19 ¢p
The optimal solution ighoosing theinitial element of the grougo be ¢, then after transforming it the
group will have elementp p o T T, after that one instance of numbaris transformedand the group will

have elementp pp ¢ o1. Finally, the numbeg is transformedand the group hap Telementsafter 3
steps

Time and memory limit:1s / 64 MB

Solution and analysis:

We can solve the task using dynamic programmilitgs isavery nice problem, because we have some kind
of two-step dynamic programming where these steps communicate with each other.

Firstly, le us introduce labels that we are going to use:

T '© o0pmQ¢cBMQE 662 k"YQ, 'O pke , for the transformationsNumberQcan
be transformed irthe abovegroup, whereQ'Q representscardinality of this list.

"0t 04 YbMApM & ¢ maximal number of elements that can be obtained starting from the
group ® O M & and performingg 6 & “Ydrddsformations in some order.

1 i -number of steps (transformations)

The final solution can be computed as:
i € 060 @OHEDIhp ROihg MBROIKE

The main observation for this problem is following: when we perform transformabicdh "Y& on the
group O M hd  we obtain a new group

€ 'Q0 0 £ axfoshd Ry B dQpMOcBMQQOt 6dQ & "YQ
Pay attention that the plus sign in the above formula is not a urikoom here, we can look at these two
INRdzLJA AYRSLISYRSyilfteod ¢KS 2yfeée jdSadAz2y A& (G2 FAY
partition of the number of steps. Withut loss of generality, we can calculate the value

"0t 6 & YD®H B & by checking all possible number of steps for transformation® Y
Formally:

"0¢ 6 & "YbdhH B & ) % A@ "0t 6 & Yo @ e "0
We can think of these transformations and groups as some kind of tree ofid@®gsically, we start from

any group with one elemerg which is going to represent a root of this tree. We want to find a leaf which
holds the set with marnal cardinality.
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Figure 1. Example of the tree mentied in the problem analysesdm examplein the problem statement

with changed coditioni o

Implementation

This can be implemented in many waWge will describe one of them. First let us define ma@&s
Q¢ 6 & "YEQ mmaximal number of elements that can be obtained starting
from only one elementin& 0 & "Y&tEpy
When we are computing sonparticularelementQ o, we ae going to use:
A& 6 & "Y'Qrmaximal number of elements that can be obtained starting
fromthegroup 0w pMB MW O ing 6 & "Y&tEpy
From here we have th&2¢ 6 & "YEOQ R &€ 6 & YO @ (here we have p because we used one
transformation®® “"Yw). We can play with elements tifie matrixrj with following relation:
né o a YPQHQo
e 64 YQNE OG f AT p QoG Yoo v ,foroN ¢l
The omplexity of this solution i ¢ ti td& , whered represents maximajroupcardinality inthe given
transformations.
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Problem E & I: LIS

Author: Andreja 1lib Implementationand analysisAndreja IO

This document contains the problem statements for problems E and I. You will stbe thdy difference is
in one constraintThese are separaf@oblems and will be tested on differeest cases.

Scientific committee only has a solution for problem E.

Statement

You are givemn integer sequence of lengthé andan integerd,p 0 €. Let us denote withb the
length of the longest increasing subsequence (LLIS) for subarday: B R . You have to write a
program that computes vals® foreveryQp Q ¢ 0 p.

1 Problem EAssume that the sum of valués does not exceed t ¢ V€.
M Problem | There are no constraints fene sum of value® .

The longest increasing subsequence of a given sequonie the subsequence of strictly increasing
elements containing the largest number of elements. Elements of the subsequence do not need to be
consecutive.

Input:

The first line contains two positive integeesand (p ¢ pm@rmandp O €), whereg is the
number of elements in the given array atdis the width ofsubarraythat have to be examined. Next line
containst integers, separated with one space, which represents the elements of caray

The dements are in rang Tig tp i .
Output:

The output containsé 0 p numbers, one per line. The number in t@th line is the length of the
longest increasing subsequence oty 8 A

Example input: Exampleoutput:
64 3
142567 3
4
Explanation

For this example we have three subsequences of wrdthgiven array

phthghy , where LLIS is equal ¢p one possible LIS ipltfv
1 thchuhp , where LLIS is equal to 3; one possible LiSuikp
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1 chohpfy , where LLIS is equal to LIS ishe whole subsequence

Time and memory limit:2s / 64 MB

Implementationand analysis:

This problem considers finding the length of the longest increasitgequence in a sliding windowf (
width 0 ), over a given sequena@ In theproblem statement it is noted thathe sum of lengths does not
exceed¢ E. This isa very interesting fact and it mighte confusing Here we are going to present an
output-sensitive data structure that solves this problemth time complexityy £¢1 T¢C 0 YO "Wor in
ourcase) ¢1 T¢C ¢E .

Within this framework, several related questions can be posed regarding this problem, each with
potentially different time complexity.

1 Local Max ValueFor each window report the length of the longest increasing submecgl in that
window.

Local Max Sequeneé&xplicitly list a longest increasinglsequence for each window.

Global Max Sequence Find the window with the longest increasirsybsequence among all
windows.

T
1

Here we deal with thd_ocal Max ValueThis algorithm solves the other two versionstioé problem
described above. $toptimality in our case is an open questard left for contestants to improve &

A rmaive approachis to consider finding LIS for every window separatélhe sandard dyramic
programming algorithm for finding LIS has time complexityy & , which will lead to complexity of
0 €t0 for our problem. This approach can beespup with dgorithms which date back to Robinson [1]
and Schensted [2] with a generalization dte Knuth [3]. These algorithms have time complexity
O &1 T&G which is optimal in the comparisanodel. Hunt and Szmanski [4]vgaan algorithm with time
complexityd ¢ 1 11 &Cusing thevan Emde Boas data structUis. In any case, this naive approach has
time complexityd) & t0 I 11 J0Cin the best case.

Without loss of generality we can assume thajiven arrayis a permutation of the set phg8 Fe  (if not
we can simply sort the array and rename the numbers in it with corresponding index). Asverseenin
the previousparagraph, we have to find some way to use the LIS (or some other information)}teom
previous window wherexaminingthe currentone. For this purpose, we will uséoung tableawor the
RobinsonSchenstegknuth algorithmWe will not expain these algorithms in detaibecause onlg part of
them will be needed here

Above wehavestated thatthe length of LIS foa given array came found ind £ 1 T&Ctime. How can we
do this? Let us introduce newlist'Q Initially this list will be empty. We will insert elements from aréay
one at a time into the liSQ When inserting numbeb @ ¢ igt€Qwe have wo cases:

a) 0 w ais deeater than all elements frothe list'Q- In this case we add w ato6 the end of list
b) 0 & ais it greater than all elements frothe list Q- In this case therexdsts an element that is
greater than 0 @ . 6EQus denote witldthe first one fromthe left. Remove the elementfrom the
listQand puty & (b iR place.
With this algorithm lisiQwill be monotonicalf increasing. It can be showro{l?) that the length of lisQis
the length of the longest increasing sulgsence. It should be noted that li€is not a LIS for arrag

MDCS; Bubble Cup 201 21



Problem E & I: LIS

because it may not ba subsequencésee example on Figure.Zhe nain idea behind this method is that
the elementQQ is the smallest element from arragofor which there existan increasing subsequende
wof length'Qendingwith that element. We will calRthe principal row of arragband denote itwith 'Y ¢ .

]— add 3
3 dd 10
al
[3]wfe|1]s|7]8[2]a]9] 3 [ 10
_— 3|6
initial sequence
1|6
115 a7 adding elements
3|lw|6|(1|5|7|8|2]|4]|9 115 to the list d
5 add &
"
one example of LIS 3 add 2
add 4
1|2
, . add 8
final state of the listd ——» | 1|2 9 | v

In order to deal with the problem, we will consider a slightly more general question. We want to define
some kind of structure that will maintain information about the LIS of a sequence inesswely that it
supportsthe following operations:

1 addinganewelement at the end o sequence
1 removing the first element froma sequence
1 quenyingthe data structure for the LLIS

For this purpose we are going to stottlee principal row for every suffix ahe current sequence. If we
denote with@ the suffix® @ 8 &, our structure will maintainY & RY & B AY & (note that in
our case thisequence has length). This collection of principal rows is calkew tower.

[

—

[| — [3] — [3]5] — [2]8] — [2]5]7] — [2][4]7] — [2]4]7]8] 1478?
5 2 27 214 248 “1l4l8] 7
o E 2|7 24 2|48 148~
7 4 48 18 )
o 4] 48 18
— 8 1 ')7

Figure 2. Example afrow tower forthe array otulgfxhthifp and how it is generated.

Removing the first element from sequence can be implemented easilydelete the first principal row
Y @ . The length othe first principal row is the length of LIS. Addiaghew element corresponds to
inserting it in every rovand addinga new row coriainingonly this element.A raive implementation of this
method will also lead to time complexity 6f £ 0 1 T0C. If we want to speed this up, we must store this
tower in some compressed way.

Something that we can notida Figue 2 is thatY @ is either the same a¥ @ or can be obtained
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from it by deleting a sigle element. Tt can be proven by inductiondiv?). From this we can stag
generalization:

Lenma Let sequence® be a suffix of sequena®. ThenY 0 is a subsequence of 6 and

Y6 s ¢Yos 9s Ls
Because of this nigaroperty, we can storé¢he whole row tower inthe following way:

7T Y Y® Y& ctheprincipal row of whole sequence
1 Drop out sequenc@®with the lengthsY 0 s ElementQ"Q¢ ‘Q ‘fearesens the suffix at which the
element’Y @ "Q¢ ‘Q'@rapsout of the principal row.

For our example of Figure 2 we hate ¢fofplv . With these two sequences we can reconstruct the
whole tower. The main problem here is to de@w we can efficientlyupdate this representation ahe row
tower. The expire operation simply subtraane from each element o2 and deletes the element with
expiry timeTt (if there is one) fromY. The add operation for an elemedirequires thatshouldbump an
element outof each row of the row tower (unless it is appended to all of them). Since the rows form an
inclusion chain, iﬁobumps a certain elemernit out of arow, then it bumps the elemerit out of all further
rows to whichs belongs. In othewords, the drop out time fof changes to the index of thiérst row from
which it isbumpedout by ca Now consider the next row of the tower (if one exists) aftéiasdropped out.

In this row there may or may not be elements larger thanf there aresuch elements thed bumpsout
the smallestone. If not, thendis appended to theend of this and all subsequent rowdle can find a
sequence of indice® "Q E "Qfor the sequencésuch that:

f "Qis the least index of an element in the principal FdWwhich is larger thaw
1 "Q isthe leastindex larger thatfor which'Q "Q ‘Q"Q (the element is larger than the prior
one and it is still in the current principal row).

Now we can simplupdate the drop out sequend@according to:
T QQ 0
1 Q0Q QQ,forov phQ p

Implementation of this algorithm is pretty straightforward and we will leave it to the reader.

Complexity

In this way we managed to implement operations for adgdand removing one element in linear time of

the LLIS problem (querying is still in constant time). In the problem statement we denoted the length of LIS
in "Gth window with 0 . From this the overall time complexity of our algorithmiisBO . The dscribed
algorithm computes the lengths of LIS in the sliding window in total time of

O &l T16C BO O &l T&C 07Y'YD Y'Y &1 1¢C Mg

Test data

The test corpus for this problem consists of 15 test cases.

Test cases were generated with a couplealgiorithms which (except those for special cases) were based
on random sequences and following theorem:[9]
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Theorem Let* be an uniform random permutation of set the plglof8 & and 0 an integer
valued random variablé 0 0 "O"Y. As¢ © Hbwe have

00 ¢n€ and , O € VE
A short description of test cases is given in Table 1.
ID 3 min LLIS max LLIS solution sum Description
01 |10 5 2 3 16 By hand
02 | 100 10 3 7 395 Random
03 | 1000 100 12 21 15.333 Random
04 | 1000 900 54 57 5.675 Random
05 | 10000 100 70 91 802603 Increasing sequence
06 | 99000 1000 2 825 39.315222 "Saw" sequence
07 | 100000 50000 427 446 21.829.042 "Saw" sequence
08 | 100000 90000 587 597 5.908135 Random
09 | 100000 100 12 25 1.671330 Random
10 | 100000 1 1 1 100.000 Special caseRandom
11 |1 1 1 1 1 By hand
12 | 99999 99999 618 618 618 Special caseRandom
13 | 99888 65432 1 1 34457 Decreasing sequence
14 | 99999 1000 23 61 4.159.326 Randomp wu b
15 | 99999 77777 3024 3101 67.945.385 Randomp wu b
Table 1. Descriptivof the test data
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Problem F: Padlock

Authors: Andreja 1D Implementationand analysisa )\ f O P

I Q8§

Statement

You are stuck in a room with doors. On every door there is a padlock withpardigit rolling lock
combination. You can roll any digit either up or down, where rolling up at @igitl make the digitrt, and
rolling down at digitrt will make the digita The padlock will be open when the combination is matched
with the key for thatpadlock. The goal is to open all doors with the minimal number of rolling operations.

Initially all padlocks are set to 11 1T 1T 7T 7L DaOrs man be opened in any order. Besides rolling digits there
is one very cool button on the padlocks. This button wan the digits on padlock to the same combination

as a different padlock that is already open (you cannot jump to a combination of the padlock for some door
that is not open yet). This transformation does not count as a rolling operation.

Input:

The firg line contains one positive integér(p € p 1 T, where¢ is the number of doors. The nett
lines containp rdigit integers (some of them can have leading zeros), which represent the keys for
padlocks.

Output:

The output should contain only oneteger¢ minimal number of rolling necessary to open all doors.

Example input: Exampleoutput:
2 3

0000000003

0000000001

roHIng last digit ]ump l
on second padlock

0000000000 0000000000 0000000001
0000000000 0000000001 0000000001

@) rolling last digit @ %
E -
on first padlock =

0000000003 0000000002
0000000001 0000000001

rolling last digit

on first padlock

Figure. Explanation of the given example

Time and memory limit:1s / 64 MB
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Solution and analysis:

We will first give thealgorithm description, and then prove its correctness. We can use a simple greedy
strategy:

1. Find a lock that needs tHeastnumber of rollings, from the initial state, to open. Add that number
to the overall cost, and put that lock into the set of openKs.
2. Repeat until all locks are open:

1 Among locks that are still closed, find the one that requires the least number of rollings to
unlock, considering we can set it to state of any of the locks already open using zero
rollings, or we can roll the numbefiom the initial state.

9 Update the overall cost, and put thminimallock into set of open locks.

To show that this approach does indeed yield the minimal overall number of rollings, we can consider a
graph whose vertices are locks, and weight of eacheedfp is equal to number of rollings needed to
open locky once it is set to the combination of lock We can extend this graph with a laggkwhose key is

all zeros, so that weights of edgedfiQ represent numbers of rollings necessary to ngeck Gfrom its

initial state. We also notice that weights of edgé$ and 0O must be equal, thus we have a complete
undirected graph.

When opening lock, we can either set it to a key of a previously open ldcknd then roll the numbs to

get the right key, or roll the numbers from the initial positoni@a | S& @ {0dAncrelses hed] A Y 3
overall cost either by weight of edgeéif) ) or by weight of edge6hb . If we consider the subgraph with

only theseusededges, we see #t it is actually a spanning tree of the original graph. So in order to find the

least number of rollings necessary to open all locks, we need to fiminamum spanning treeof our

graph.

The proposed greedy approachastuallyt NRA Y Qa  Ifof fadnbldidirKud spanning trees of graphs
and is easily implemented to runin ¢ time. We can also precalculate numbers of rollings between all
pairs of locks, and store the graph in matrix form, which requires additiprial time and memory.
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Problem G: LR primes

Author:! Y RNB 2l Lt AOG Implementationand analysisa A f | Yy b 2

Statement

A number®d O® 8 G is calledL prime if its every noempty suffix is a prime number and all its
digits are different from zero. In other words, numbei$to w8 o 8 ww andO® 8 OO must be
primes. For example the numbgrp is L prime number.

A number®d ®®
words, numbersy ho
R prime.

w® is calledR prime if its every noempty prefix is a prime number. In other

8
o BROO 8dhandww 8 o mustbe primes. For example numberp is

You are given an integer segmenfto. How may integers from this segment are L or R prime numbers
(including numbersyand ¢)?

Input:

The first line contains two positive integecsand @ (p & & p 1), which represent the given
segment.

Output:

The output contains only one integeithe number of integers from given segment that are L or R primes.

Example input: Exampleoutput:
10 30 4
Explanation

From the segmentp to TiL primes arep &p X ¢OR primes are & wNumber¢ ds both L and R prime,
SO we are going to count it only once.

Time and memory limit:0.5s / 64 MB

Problemanalysis:

L and R primeare also known akeft-truncated andright-truncated primes Codesof their sequencem
the OnLine Encyclopedia of buer Sequenceme A024785 and A024770. We found them interesting for a
programming problem because of two facts:
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9 they are finite
9 they have some kind of recursipeoperty

We reed to find a method for generating consecutive right and left primes. Here we are going to explain
the algorithm for right primes. The same algorithm, with small modifications because of the specia) digit
can be used fothe left primes.

As we mentiond, these numbers have some kind of recursive structure: every right prime number having
at least two digits is an extension of another right prime number (i.e. the least significant digit is added).
This is the main fact on which we are going to baseteuative algorithm.

Let0 be an empty queue, which will store the right primes. We start by inserting thedagie right
primes (just primes). Then in every step we extract the first elerhdrim the queue and check if any of
the numbersp 1ti Q' plofxfw is prime. We excluded the digitsit ft fofphp , because if the last digit
is from this set, the new number will not be prime. If this number is also a right prpueit at the end of

the queue.

m — 2 3 5 7
empty queue )

7

C after 80 steps
5 7 123129131 |37 (—>» ... —»

empty queue
Figure 1. The queue states in the right peigonstructiorprocess

Complexity and implementation:

An interesting featurdhat we need to address for this algorithm is its time complexity. The complexity is
0 "), whereQis the number of the right prime numbers andis the greatest among them (the same
thing holds for the left primes). This fact is left for contestants to find out. Namely, these are finite
sequences and after running this algorithm it appears that the algorithm terminates with an empty queue.
Thereare onlyy aight prime numbers and only ¢ deft prime numbers.

The largest othem arex & cgoo ando v& YAp p& T & pBp & ¢ oo, xespectively.
Another interesting fact is that zeros are permitted, the sequence of left primes is infinite.

Because of this fact, the described algorithm with a reasonable implementation works very fast. For this we
must use some other technique for the primality testing. In our case the Fermat test will do the work. Of
course some other algorithm, like the MillRabin test, would also work. Here we will briefly describe the
Fermat test.

CANRGf &S NBOIft giSaprmhein@iber ankbis antinfeget reladieIy Biviery, theh
w k p

Experimentation shows that this typically failsevir) is composite. This is the fact which is going to be the
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core of our test. Complexity of this algorithm(s™1 T & , whereQis the number of times we test a
random numberdwith above theorem.

Function: Fermatds primality test
Input: n T avalue to test for primality
Output: false if n is composite

true if n is probably prime

repeat k times
pick random integer a from set {2,3,¢é,n
d = gcd(a,n);
if (d!1=1)
return false;
tmp=aMn -1)modn;
if (tmp !=1)
return false;

return true;

Pseudo code for the second algorithm

Another option is to hardcode all left and right primes in the code. Such solution works in linear time. Here
we have to pattention to the size of the file. If we hardcode this in a relatively smart way, we will get the
source file of the size ~ 60KB, and 64KB is the maximum allowed size for source fileBraisthe
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Problem H : Hashed strings

Authorr5 A YAGNR 2SS CAf A LJ2 @ Implementationand analysist Y RNR& 2 |
5AYAUNR2

Statement

You are an evil hacker and your current evil mission is to impersonate your target by sending messages that
look like they came fronthem but that are actually from you. You have worked out the entire operation
except for one small detail: every string that your target sends is followed byhit B2sh value, which is

used for error checking. You know the algorithm, and it goes like th

The strings are composed of lowercase letters of the English alphabet, and every letter corresponds to a
unique 16bit code. All 32 bits ofhe hash value are initialized to zero. The hash is then calculated by
passing through every character of theisty in order and performing the following steps:

1. Doa binary left rotation of theentire hash valugby one place)

2. Tale the code for the character and the least significant 16 bits of the lmghdo a binary XOR of
these two values

3. Write the result fromthe previousstepto the least significant 16 bits of the hash

Unfortunately, to implement the algorithm you need to know the-li6 codes for letters of the alphabet,

and those codes are secret. Not all is lost though! You have already intercepted memngfsrings with

their hash values. Now all you have to do is find some way to use that information to crack the codes.

Input:

The first line contains one positive inte¢gx(p € T T 1ithe number of strings. Each of the followie g
fAySa Oz2yidlAya 2yS aildNRy3awiae ylayAR GAWS KSynf¢ pWOBY &
Writing this integer in 3it binary gives the hash value of the string. Each string is at most 100 characters
long.

Output:

The first line of dzii LJdzii aK2dzZ R 6S 2yS 2F (GKNBS 62NRAY dalLath
guotes), if there are respectively no solutions, exactly one solution and more than one solution. If the first
fAYS Aa aLath{{L.[9¢ 2N daliS¢yLti[29 XziyRiiPA L F HKES 1
each following line of output should contain exactly one letter and one number, separated by a space.
Every number is in the ran 1 ¢ p , and when written in 1@it binary represents the code for the

letter. There should be as many lines as there are different letters that appear in input. The lines should be
sorted alphabetically by letter.

Example input: Exampleoutput:
2 UNIQUE

a4 a4

ab 12 b 4

Time and memory limit:3s / 64 MB
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Implementationand analysis:

This task is based on a problem that the author actually had to solve for hisled S 220 O0A (G RA
any hackers thouglq that part is made upl ), and we thought it was interesting enough to be used for
competitive purposes.

Wehavet a G NAy3ad [ SG QB &SyR (8 wri(RRSHMp8& A A & is the length of ).
62S8Qftt dzAaS AYyRSESa GKIFIG AyONBF&aS NRIKG (G2 tHTF
integer corresponds toeach string:'Q  @p @ 8 p i ¥ TP . And finally, each characteo
corresponds to a code, which is the-i integer®  wp ©f 8 wp.

c
R

[ SGQa 20aSNWBS (KS NRIKIGYRHdw iitkcalcRGad? Omislydthe Gightthdst ( K S
bit of the rightmost character of string (which we have denoted wittv . ;) can change it in the last step.

But before that, the bito . ; was initially added on indgx wand then made half a circle to get to our bit

of . And before that, bitso fF W 2 X . also ended up turning around and contributingdg, .

And another halcircle before thatfbitd)ﬁ n , and so on. Obviously, this goes on until we run out of
characters in . The formula is

Wh W ;{

where the sum is an XOR sum (or, mathematically speaking, everything happens@® b2¢ f S Qa

generalize this observation. We have theh bit (from the right, zerebasedc as aboe) of hash valuéQ.

Which bits of the original codes are important for this bit? The same line of thinking as in the previous

paragraph leaves us with the formula
o W k

This means that the problem reduces teystem of linear equationsWe have one equation per every bit

of every hash sum, which is a total®f¢. The number of variables is 16 times the number of letters that

appear in the input.

Solving systems of liae equations is a weknown problem, and here it is made even easier by the fact
that we are working irh  so the only values are 0 and 1 and there are no problems with precisan.
example, we can solve the system in tithed Q) , whereo is the nunber of variables and the number

of equations, by the standard Gaussian method of eliminating the variables one by one. Of course, this
algorithm is able to determine whether the system has a solution, whether it is unique and, if it is, to find it.
After this, assembling the solution Hiy-bit into codes for every letter and sorting them alphabetically
should present no trouble at all.

Complexity

It is easy to see that the most expensive part of our algorithm is solving the system of equations, so the
time complexity will bel 6 ) per above. We havé o € and, since we have a finite alphabet of
known size, we could say thatis a constant but that would be slightly disingenuous as this constant is
quite large. Ifo is the number of letters tat appear in the input, we have p ¢, and finally our
complexity ish ¢ Q0 & 8t is interesting to note that time complexity is independent from the length
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of the strings.

We need) 6 ) U ¢ 2 & space to store the equations, which gives usiemory complexity of
this solution.

Test data:

ID Description

01 | Easy test (example frothe problem statement)

02 | 1 string with 1 lette with valid hash value (result code fibre letter isequal to thehash value)
82 1 string- 31 times one letterCode invalid/valid (IMPOSSIBLE/UNIQUE)

05 | 1 string- 32 times one letter (each bit from the code influences each bit of thé taakie, so all
06 | bits of the hash value need to legjua) (IMPOSSIBLE/MULTIPLE)

07 | 1 string- 33 times one letterCode valid (UNIQUE)

08 | 1 string- 64 times one letter (hash value doesn'tmind on the code of the lettehash value is
09 | always 0) (IMPOSSIBLE/MULTIPLE)

10
11
12 | Contradiction (last bit of the code for a letter should be both 0 and 1)

13 | Large test with a small number of letters

14 | Less strings than the number of used letters but still UNIQUE solution

15 | Large strings but not enough equations to calculdd!QUE solution (MULTIPLE)
16 | Large test. One bit changed so IMPOSSIBLE.

17
18 | Large tests to calculate UNIQUE solution

19

Invalid hash value (larger than it could be calculated with given string) (IMPOSSIBLE)
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This is the fourth birthday of Bubble Cup and we are yegased to see that the number of participating
teams keeps increasing. This year 71 teams managed to solve at least one problem from the qualification
rounds. We are especially proud of the fact that the competition can now truly be called regional, with
more and more teams from countries such as Croatia, Bulgaria, Romania and Macedonia not only

participating but also achieving notable results.

The qualifications were split into two rounds, with ten problems in each round and 25 days for the
contestants tosolve them. The first round lasted throughout April, and teams earned one point for each
successfully solved problem. The second round was in May, and problems in this round were worth two
points each. The problems for both rounds were chosen from thdigytavailable archives at the Timus

Online Judge site.

The qualification rounds, especially the second one, were a little bit advanced. Some of the problems (like
Expert Flea) were pretty unusual for competition problems. Namely, these problems regpieading a
good couple of days thinking, or reading and lgmimg scientific papers on thsubject. We are very

delighted to see that competitors managed to deal with this type of tasks.

Unlike last year, every problem from qualifications has been sdbyedt least one teamThe nineteen
teams with the highest number of points gdad for the finals.One of theseteams was not eligible for

awards but they were nevertheless allowed to compete

Num | Problem name ID Accepted solutions
01 Triathlon 1062 36
02 Archer's Travel 1459 30
03 Caves and Tunnels 1553 39
04 Cactuses 1610 28
05 Salary for Robots 1696 37
06 Visits 1726 78
07 Ministry of Truth 1732 57
08 Old Ural Legend 1769 88
09 Barber of the Army of Mages 1744 51
10 Space Bowling 1775 41
Table 1. Statistics for Round 1
Num Problem name ID Accepted solutions
01 | Funny Card Game 1166 18
02 Shots at Walls 1390 5
03 | Wires 1460 9
04 | Spy Satellites 1478 4
05 Square Country 3 1667 25
06 | Monkey at the Keyboard 1677 17
07 | Mnemonics andPalindromes 2 1714 18
08 | Expert Flea 1763 5
09 Fair Fishermen 1818 23
10 | Professional Approach 1819 1

Table2. Statistics for Roun#
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The explanations of the solutions for all 20 problems are provided in this booklet. They were written by a
number of different people, some by contestants and some by MDCS Bubble Crew, and you should note
that they are not official we cannot guarantee tt all of them are accurate in general. (Still, a correct
implementation should pass all of the test cases on the Timus site.)

The organizers would like to express their gratitude to everyone who participated in writing the
solutions.
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Problem R1 01: Triathlon (ID: 1062)

Time Limit: 20 second
Memory Limit: 16 MB

Triathlon is an athletic contest consisting of three consecutive sections that should be completedass fast
possible as a whole. The first section is swimming, the second section is riding bicycle and the third one is
running.

The speed of each contestant in all three sections is known. The judge can choose the length of each
section arbitrarily provided thano section has zero length. As a result sometimes she could choose their
lengths in such a way that some particular contestant would win the competition.

Input

The first line of the input contains integer numher(p 0  p m)ydenoting the number ofontestants.
Then. lines follow, each line contains three integesY andow (p  wAYR  p Bt myseparated by
spaces, denoting the speed Bfcontestant in each section.

Output

For every contestant write to the output one line, thedntains word "Yes" if the judge could choose the
lengths of the sections in such a way that this particular contestant would win (i.e. she is the only one who
would come first), or word "No" if this is impossible

Sample

input output
9 Yes
1026 Yes
1073 Yes
56 7 No
327 No
626 No
357 Yes
846 No
104 2 Yes
187
Solution

The constraints for this problem were relatively relaxed (in terms of both size and properties of the input)
so it was possible to solve the problem in several different ways and BubbleCup contestants have come up
with some very creative solutions. One teway to solve it, which we will explain now, is to treat it as a
geometry problem.

[ SGQa OK 2 2E®ntdstghisc wathbut Bsdzdilgenerality we will assume we have chosen the first
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one. Now, for all other contestantf) ¢80, we make expressids WO— — wWIO— — @O

— — . If we can choose a vectoéfuftx such that the value of this expression is greater than zero it

means that when the judge picks & and & as respective distances for the three disciplines the first
contestant beats contestaniQand if we can choosefudtt such that alll  p expressions have values
greater than zero it means that the first contestant can win the race.

Of course, an equation of the typ@3b 3D A&3D T defines an open hakpace in Euclidean 3D
space. So, geometrically speaking, determining whether a chosen player can win reduces to determining
whether theintersection of halfspacesis nonempty. There is a bug hiding here, howegeave have to

make sue that our result makes physical sense! In addition to p half-spaces defined by the expressions
above, we have to add hadpaceso 1w mandd Tto make sure our solutions are positive.

It is known that the problem of finding the intersection oflfhgpaces is the dual of the problem of finding a
convex hullof a set of points in the same number of dimensions. Finding a 3D convex hull is tricky but there
exists a variety of weknown algorithmg we will not go into detail for any of them, but theader is
encouraged to refer to [1] for a description of a randomized incremental algorithm that works in expected
O 01 TOCtime (worstcase performanced (0 ) and0 O 1 TOC space. You can also find the proof of

the duality property (and explanatioof the duality concept itself) in [1].

Since we have to do iterations of the algorithm (one for each contestant), and the running time of one
iteration is dominated by convex hull computation, we conclude that the solution for the whole task has
expectal time complexity ofy 0 1 T0Cand worstcase time complexity ai G . (It is nearly impossible

to actually achievéd 0 running time, but due to the low constraints the solution should pass even if that
happens). The space complexityig) 1 T0C.

References:

[1] Mark de Berg, Marc van Kreveld, Mark Overmars and Otfried Schwart@@pfutational Geometry:
Algorithms and Applicationg™, revised edition, Springer, 2000.

Solution by:
Name Andrija Jovanovd
School:School of ComputindBelgrade
Email: ja.andrijg@gmail.com
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Problem R1 02: Archer's Travel (ID: 1459)

Time Lmit; 1.0 second
Memory Limit: 32VIB

Let an archer be a chessman that can move one square forward, back, to the left, or to the right. An archer
is situated at the squar€l, 1) of arN xM chessboard (the upper right square of the board is coded as
(N, M)). The archer's goal is to travel through the board and return to the initial position in such a way that
each square of the board is visited exactly once (the travetsstaith the first move of the archer). It is
required to determine the number of different ways to perform such a travel.

Input
IntegersNandM & S LI NI G SR & NGKK p M KOS & w XK
Output

You should output the number of ways to travel throubk board calculated modulo 10

Sample

input output
23 2

Solution

In this task we need to find the number of directed Hamiltonian cycles in the grid ndatri¥ , where

¢ U vand0d pm This task requires dynamic programming with bitmasks as well as fast
computation of matrix powers. We will calculate the number of undirected Hamiltonian cycles and at the
end just multiply this number bg.

ForO gqor0 ¢itis obvious that there isxactly one such cycle.

Forb0 o, we will give some mathematical arguments. By coloring the grid in chessboard pattern, it
follows that after each step a color of a cell is changed. Therefore, if the number of white and black cells is
not equalg there ae no Hamiltonian cycles. So assume thais even. Since cells with coordinatgsp

and pho have only two neighbors, we are forced to have the cycle as shown on Figure 1. Using a
symmetry one can easily conclude that there are only two possibifitiesext moves (see Figure 1). If

Q0 denotes the number of Hamiltonian cycles in table 0 , we have the recurrenc0 ¢ ct

‘Q0 with starting valueQ¢  p. Finally) Q0 ¢ for0 being even.

Figure 1. Example fé&r ©.
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For0 1 we canextend the above argument and establish a similar, although much more complicated,
recurrence formula. But here we will present a more general method fort and0  v.

In order to solve these linear homogenous recurrence relations, we will use the matittplication
method. To illustrate this, consider Fibonacci numbers, define®@as™O p and™O O O .lIn

order to the calculatet-th Fibonacci number, we can consider the matbix g E[ and verify the

following identity "O "O P ﬁ "O "O. Therefore, by taking-th power of matrix! , one can

Y

easily calculatéO with the starting row vectorp p .

We can calculate thé-th power of a matrixd in time complexityd & t1 T¢G whered is the dimension
of a square matri®. This can be done using a general principle called exponentiation by squaring:

Function: Exponential squaring

01
02
03
04
05
06
07

result = 1;
while exponent > 0 do
if (exponent & 1) == 1 then
result = (result * base) mod modulus;
exponent = exponent >> 1,
base = (base * base) mod modulus;
return result;

ForO Tt and0

and two¢Q a

A

v, we will code one column state with numbearsp and ¢ by taking the cross section
between any two neighboring columna:meansthat this cell is not an end of some path, whileand ¢
represent ends of two possible paths. It can be easily seen that there must be exacpRtv® PMA i g 2

y SIFIOK aidlidsS oGKS NBai

NE 1 S NeBedare @wo C dzNJi K

paths ¢ these are either independent (one above the other) or nested (one inside the other). Using a
T there are exactly five possible statesp fprot gprot fupp pamdp p G ¢

symmetry, for)

For example consider the positigng ¢ foipd

v asshown in Figure 2. In order to continue to the next

column and include the empty cell, one has three possibilities: the lower end of the second path will
include the empty cell, the lower end of the upper path will include the empty cell and the secdmaviplat

join the first path (in the last case again lower end of the upper path will include empty cell). We can
establish similar relations for other states.

——s
—

-~ = 71 o

e | o e 1——0 o
— R

Figure 2. Example state 12201 fdx5.

1

1
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For N=5, there are eleven possible states:

pprpmppmnipmnmp plppcppcime Mo g ¢p ¢ andp ¢ g p
and the corresponding matrix is

{0,0,0,1,0,0,0,0,2, 0,0}
{0,0,1,0,0,0,1,0,0,0, 1}
{0,1,0,0,0,0,0,1,0,0,0}
{2,0,0,0,2,2,0,0,0,1,0}
{0,0, 0,1,0,0,0,0,1,0,0}
{0,1,0,0,0,0,0,1,0,0,0}
{0,0,0,1,0,0,0,0,1,0,0}
{2,0,0,0,1,1,0,0,0,1,0}
{0,0,1,0,0,0,1,0,0,0, 1}
{0, 2,0,0,0,0,0,2 00,0}
{0, 0,0,1,0,0,0,0,2,0,0}

We use starting row veot tiviTiphriviviphrdrdrt and the final solution is the sum of the third and
twice the eighth element of the product (these are the only possible ending positions).

Solution by:
Name Aleksandar 11®
Organization Facebook Inc.
E-mail: aleksandari@gmail.com
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Problem R1 03: Caves and Tunnels (ID: 1553)

Time Limit; 30 second
Memory Limit:64 MB

After landing on Mars surface, scientists found a strange system of caves connected by tunnels. So they
began to research it using remot®ntrolled robots. It was found out that there exists exactly one route
between every pair of caves. But then scientists faced a particular problem. Sometimes in the caves faint
explosions happen. They cause emission of radioactive isotopes and incrdag@malevel in the cave.
Unfortunately robots don't stand radiation well. But for the research purposes they must travel from one
cave to another. So scientists placed sensors in every cave to monitor radiation level in the caves. And now
every time theymove robots they want to know the maximal radiation level the robot will have to face
during its relocation. So they asked you to write a program that will solve their problem.

Input

The first line of the input contains one integér(p U p & mm the number of caves. Next p

lines describe tunnels. Each of these lines contains a pair of intégfeos(p Mo ) specifying the
numbers of the caves connected by corresponding tunnel. The next line has an intéger p 1 1T 1) Tt 1T
represeriing the number of queries. The queries follow on a single line each. Every query has a form of
"6 "Y', where 6 is a single character and can be eithi@or &&aepresenting the type of the query
(quotes for clarity only). In the case of &ejuery radiation level if¥th cave p Y 0) is incremented
byw(m  p mm)nlmthe case of aeuery your program must output the maximal level of radiation

on the way between caves with numbédandw (p "M ) after all increases ofadiation €@
gueries) specified before current query. It is assumed that initially radiation level is 0 in all caves, and it
never decreases with time (because isotopes'-hgftime is much larger than the time of observations).

Output

For every"@guery output one line containing the maximal radiation level by itself.

Sample

input output

4
12
23
24
6
111
G1l1
G34
123
G1l1
G334

WrROoOR
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Solution

CANAR G X theDibledain statdidert B graph theory language: We are given a tree (connected acyclic
graph) where every node has some value. In a query we are either asked thdinthximumvalue on a

path between two given nodes (and because this is a tree this igathique) or to changthe value of a
given node.

We could dahe first querytype, "Oquery, using any graph search algorithB+8or example) and find this
value in time complexity <0 0 andthe second quentype, ‘Qquery,in constant time. Unfortunately, this
naive approach would be too slow for this problem.

Without loss of generality, lais assume that the tree is road in node 1. This way we haadather ¢ son
NEfl GA2yAaKALI 0Sid ¢SSy thesecad guary for & imndent. TReNBeSdbuldlsahve izl
usinga preprocessed matri”"(}; which containsthe maximum value orthe path between nodewand its

¢ -th father. This could be easily preprocessec) 0 1 T0::using simple dynamic programming. This
would help in findinghe asked value i 1 T0Z¢ first we will find thelowest common ancesto(LCA) and
then maxinal value on paths between LCA and given nogdeisg™}; . But with thesecond type of query
GKA&a az2fdziAzy R2SayQi ¢2NJ] @

[ SGQa Jyelat® Ybar@esn nodes. Nodet and 6 are in relation'Yiff ¢ is a direct son ofv and it

hasthe maximal number of nodes in its subtree among other direct sons of nod# there are several
maxinmg, 6 has to be the son with # minimal indexThis way relatiorY decomposeghe tree into paths
(every node is in relation with at most one soA)useful property of this decompdsdn is the number of
distinct paths on path from some node to any other node in its subtk®w canwe determine this

number?

Let'C 0 represent the number of nodes ihe subtreerooted at noded8[ SG Qa | aadzySv S I N
with "C 0 @. Now if we continuegoingdown the tree we can either:

1 o to noded which is in relatiorYwith 0 - but then we do not change path arO6 @
 gotonoded 6 KA OK A &y CYiwithAuyg thelBvieldd ahange path, bl'O6 &g (if
"06 @ ¥ ¢ then d would be in relatior’Y with 0)

We can see thathe number of distinct paths oa path fromsome node to any other node in its subtree is
limited by logarithm othe number of nodes ithe tree. This is very convenient for our needs.

This decomposition is known agavylight decomposition of a treeWe canachieve itusingthis simple
algorithm:

1 Put every leaf in other path

1 Using BFS from leaves, put every next node in the same path as its son with maximum number of
nodes in its subtree, or if there are severahximg choosethe minimalindexed among them
(please note that you should patnewy 2 RS Ay [ dzSdzS 2yfteé& AF +ft 2F
because we have rooted our tree around ncpje

LGQa Of SFNJ GKIlneaditid a Ff 32NAGKY G154
Now, how does this decomposition help (tisis is a very good questich) SG Q& FaadzyS 6S | NB

maximum value orithe path between node® and 0. We can find LCA O 1 10 :time, find maximum
value from LCA to and from LCA t® and combine these results. So, naws left to solvethe following
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problem: Findhe maximum value from nodo to nodeé if we know that noded is in0Q & & dzo G NB S &

We know thatthe number of distinct paths frord to 6 isat mostl 102 so we could go to everyath and
findthe Y EAYdzY @It dz§ Ay A i ®awagsShe WidR pattifatvive Arél lookirfglato A
we should find maximum value in some parttbé path. We can do this i 1 10 :usinga well-known
structure called thesegment tree(we could do it even faster, but because thie second querytype
segmant tree isthe optimal choice).

root node

Figure 1. Example of the paths in hedight decomposition of a given tree.

This completeshe solution for thistaskf S Qa &adzyYl NAT SY

Find decomposition of tree0 0 .
On every path in decomposition construct segment tregeralld 01 10 .
Initialize the matriy‘Owhere Oy, is¢ -th father ofd (we need this for finding LCAO G 1 10 :
Read queries:
o If query is to find maximum value on path between nodend then:
A FindLCAandOcO 1 10 :
A Find maximum value on path from LCA0tQ U |
A Find maximum value on path from LCAUtQ 0 |
A Combine results
o If query is to change value of node
A Update its value in segment tree of the pdtr this nodeg 0 1 10 :

= =4 =4 =4

Overall tme complexity ist 01 107 &€ 6 a 0 6 £l T i) . Memory complexityfor this approachis
001 10 .
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¢tKS ARSI 2F RSO2YLRaAy3dI I GNBS Ayid2 LI GK& FyR | LL
less,well-known. For those who want to test this algorithm on a slight generalization of this problem, we
would recommend the problem Otoci from Croatian Open Competition in Informatics 2009. Another
variant of this problem can be found on SR(@ioblem QTREE3

References:

[1] T. H. Cormen, €. Leiserson,.R. RivestC. Stein|ntroduction to algorithmsMIT Pres$2009)

[2] Michael A. Bender Martin FarackColton The level ancestor problem simplifiidheoretical Computer
Science, 321 (2004)¢G12

[3] http://community.topcoder.com/tc?module=Static&d1=tutorials&d2=lowestCommonAncestor

[4] http://ww w.hsin.hr/coci/archive/2008 2009/

[5] http://courses.csail.mit.edu/6.897/spring05/lec/lec05.pdf

Solution by:
Name:Boris Grubd
Schoold W2 @'y W2 @I y2@A0 %Yl 2¢ DNI YYIlI N { OK22f
E-mail: borisgrubié@gmail.com
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Problem R1 04: Cactuses(ID: 1610)
Time Linit: 1.0 second
Memory Limit: 64VIB

There is no doubt that Yekaterinburg trams are the best in the world. Nevertheless, it iPStdrgburg
that has the largest tram network Russia. Not long ago, the Saietersburg tram network was included
into the Guinness Book of Records as the largest in the world.

Two fans of the tram forum from Yekaterinburg decided to make a trip to -Patersburg to visit the
centenary celebratiomf the tram launch in that city. From their Safetersburg friends they learned that

in the previous 15 years the amount of tram service had been constantly decreasing. In many avenues,
tram lines were dismantled. Tram service in the city center wasmmiged, and the city tram network was
divided into three fragments, so that it was no longer possible to get by tram from any part of Saint
Petersburg to any other part.

Another thing the travelers learned was that cactuses were in fashion in

Peterslurg. Upon their return to Yekaterinburg, they decided to plant a ci A

at their office. A cactus is a connected undirected graph such that eacl

edges belongs to at most one simple cycle. One vertex of a cactus toucl | N\

ground and is called it®ot. / \‘\.)
/ ;

However, it soon turned out that cactuses became too popular, and all fi I;" /

the tram forum already had them. Then the friends decided to get rid of
cactus by a very unusual method: they by turns choose some edge
cactus and chop it up.his edge is removed, and if the cactus breaks into
parts, then the part that is not connected to the root anymore is thrown ol

The friends have bet a monthly tram ticket on who will chop the last edge growing from the root.
Determine who will win ithey both play optimally

Input

Along with the vogue of cactuses, the friends follow the SBatersburg vogue to describe the set of edges

of a cactus by a family of paths such that in each path all edges are different. The first line contains the
amount ¢ of vertices of the cactus, the amourdt of paths, and the number of the root vertex;

p 1 &€ ULvBITLT

lines describes a path in the form of a sequence of its vertices. Each description starts with the length of the
sequencet (¢ € p m&umnThen there are integers, which are the numbers of vertices of the
path, in the order in which they are on the path. Adjacent vertices of any path are different. There can be at
most one edge between any two vertices of the cactus. Each edge of thesgagiven in the input only

once.
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Output
hdzi Lddzi GCANBRGE AF GKS LISNE2Y 6K2 YI{1Sa GKS TANEC
2LIGAYIFEf@d hGKSNBAAST 2dziLlzi a{ SO2YyRé @
Sample

input output
1721 First
1534567832910111213
149
621 15161715
1621 Second
1534567832910111213
149
52115161
Solutior

This task requires graph and game theory.

Arooted graphis an undirected graph with every edge connected by some path to a special vertex called
the root. Acactus graphs a connected graph in whigvery edge belongs to at most one simple cytile

can be easily proven that the number of edges in a cactus graph is lessritlanvberen denotes the
number of vertices in a graph (what is the maximamber of edges of a cactus graph orertices?). As

the input graph is given by an edge disjoint partition of paths, we can store the rooted cactumjn O (
memory using graph using an adjacency list.

Nimis amathematicalgame of strategyn which two players take turns removing objects from distinct
heaps. On each turn, a player must remove at least one object, and may remove any number of objects
provided they all come from the same heap. The winner is a player that takes the last object.

The key to the theory of this game is thimary digital sum (xor)of the heap sizes. Withicombinatorial
game theonyit is usually called thaim sum The nim sum cd®andwis writtenw$ wto distinguish it from
the ordinary sum. An example of tlealculation with heaps of size 3, 4, and 5 is as follows:

oS TSV MPpE PMIS pTML MTPT ¢

In normal playthe winning strategy is to finish every move with a nim sum af This is always possible if

the nim sum is not zero before the move. If the rsom is zero, then the first player will lose if the second
player does not make a mistake. For the proof of this fact and other variants of Nim we refer the reader to
[1, 2].

The game of Hackenbugh played by hacking away edges from a rooted graph ambying those pieces

of the graph that are no longer connected to the ground. We discuss the impatrtial version of this game in
which either player at his turn may chop any edge. Our task is to determine who has the winning strategy
(the first or the seconglayer) if both players play optimally.

The simplest case is when there are just pendent paths (also d@dletboo stalky attached to the root

vertex. A move consists of hacking away one of the edges, and removing that edge and all edges above it
that are no longer connected to the ground. Players alternate moves and the last player to move wins. A
single bamboo stalk afi segments can be transformed into a bamboo stalk of any smaller number of
segments fromn-1 to 0. So a single bamboo stalkrobegmerts is equivalent to a nim pile of chips.
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Playing a sum of games of bamboo stalks is thus equivalent to playing nim.

Consider now a more complicated casavhen the game is played on rooted trees (connected graphs
without cycles). Since the game is imjsr the general theory tells us that each such tree is equivalent to
some nim pile (or if you will to some bamboo stalk). The problem is to find the nim value of each subtree.
This may be done using the following principle, known in its more generaldsrm

The Colon PrincipleWhen branches come together at a vertex, one may replace the branches by a non
branching stalk of length equal to their nim sum.

We will illustrate this principle on the tree in Figure 1. The leftmost branching vertex has twohesaof
lengths three and one. The nim sum of three and one is two, so the two branches may be replaced by a
single branch of length two. The rightmost branching vertex has two branches of lengths one and two
whose nim sum is three, so the two branchesymae replaced by a single branch of length three.
Continuing in like manner we arrive at the conclusion that the tree on Figure 1 is equivalent to a nim pile of
8 chips. Since this is not zero, the first player has a winning strategy. We leave to thetoefigere out

how to choose a winning move (although this is not required in the task).

ey

Figure 1. An example of nim sum transformations for trees.

The method of pruning trees given by the colon principle works to reduce all trees to a single baaikoo s
One starts by depth first search from the root and for each chitdlculates the nim sum of the subtree
rooted atv, by recursively calculating nim sums and »0Rming the values of all children. This gives an O
(n) dfs algorithm for trees. For ¢hproof of the Colon Principle see [3].

We now consider arbitrary graphs. These graphs may have circuits and loops and several segments may be
attached to the ground. To find the equivalent nim pile, we look for an equivalent tree, from which the
equivalert nim pile may be found. This is done using th&ion principle We fuseiwo neighboring vertices

by bringing them together into a single vertex and transforming the edge joining them into a loop (an edge
joining a vertex to itself). As far as Green Hatkesh is concerned, a loop may be replaced by a leaf (an
edge with one end unattached).

The Fusion PrincipleThe vertices on any circuit may be fused without changing the nim sum value of the
graph.

The fusion principle allows us to reduce an arbitrargted graph into an equivalent tree which can be
further reduced to a nim pile by the colon principle. For a proof of the fusion principle se&n[Example
of fusion and colon principles is given in Figure 2.
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Figure 2. An example of nisum transformations for general graphs.

We see more generally that a circuit with an odd number of edges reduces to a single edge, and a circuit
with an even number of edges reduces to a single vertex. Therefore, in the cactus graph we can transform
eachcycle to a single vertex or single edge in one graph traversal and reduce the problem to trees. For an
even easier solution, one can modify degitst search for cactus graphs and when examining a-edde,
recursively calculate the nim sum of all sid#ts rooted at vertices of a given cycle. The time complexity of
this algorithm is On).

References:

[1] Elwyn R. Berlekamp, John H. Conway and Richard K. Guy: Winning Ways for your Mathematical Plays,
Academic Press, Inc., 1982.

[2] http://en.wikipedia.org/wiki/Nim

[3] http://www.math.ucla.edu/~tom/Game_Theory/comb.pdf

Solution by:
Name Aleksandar lI®
Organization FacebooKknc.
E-mail: aleksandari@gmail.com
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Problem R1 05: Salary for Robots (ID: 1696)

Time Limit: 20 second
Memory Limit:16 MB

There arenrobots on planet PTZZZ. Each robot has its own unique Tamk integer from 1 tce, and
should execute abhrders from robots with a higher rank.

Once a month all robots get their salary: a positive integer number of credits, not excé@dihg salary is
paid by an accountarbbot. Salary is so important for robots that the first month when all the rolguils
their salary was named the First month of the First year. There)an@nths in the year on PTZZZ, so the
robots get their salary times a year.

The salary paid to each robot can be different in different months. If it turns out that all the rgetts
exactly the same salary as in any month earlier, the accoumtddt will rust of sadness. What is more,
the law doesn't allow the accountambbot to pay salary in such a way that there will be a triple of robots

ohifto with rank ofdhigher than rank ofdy rank ofhigher than rank ofoand the salary ofyless than
the salary ofoand the salary ofless than the salary @b

The accountantobot doesn't want to rust, so since the First month of the First year he tries to pay salary in
different ways. However, the accountargbot will rust sooner or later. Your task is to calculate the month
number when this will happen.

Input

The only input line contains three spaseparated integers fQand iy T the number of robots on PTZZZ,
the maximal possible salary and the number of months in a year, respectvel¢ p gt Q

¢mm N pm.
Output

Output the month number the accountambbot will rust in. Months are numerated 1 tp

Sample

input output
3320 7

Solution

Here we havaLINB (1 & Ay ( SNB & (i A yiBa litfie bi. Deined & & SeguenddSdf igtdgdfzt || G S
where each element is betwegnandQinclusive. Cab 6 6 I Ré¢ A T (i KS NBAEER §0i  § K NS .
Qsuchthatt © O andcallsequenced 322 R¢ 20 KSNBAASD |26 YIye a3;
Output that number modul@.

28 O2dA R 2dz&i AGSNIGS 208N Ftf aSljdSyo0sSa FyR O2dy
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[ SGQa | aadysS GKFG &S fokt ghémbers, Suppnse de alide nuiniSetica@ich is

betweenp andQinclusivg,F & G KS SyR 2F (KAa aSljdSyOSeo L&A (KAa
Becausghefirsté py dzYo SNE I NB a3I22Ré3X (GKS 2yfteé LI2aaioAiAfAdle
two indexes@Q'Q Qsuchthatdt © wp . SOl dzaS 6S R2y Qi OF NB | 02 dzi
the maximumo such that thereexistsd 6 where’Q QIfthea S1j dzSy OS the dumbeBuanR ¢

be a new such value. When does it happen? This happeds i and there existan index Qsuch that

0 o odzi 650l dzaS 6S R2y Qi OIFINB | oddzi AYyRSES&a:z 48§
Now with this wecan represent sequence of integarsith three numbers:

1 current length of the sequena®, denoted by ‘Q £€0Q0
1 the maximum number such that there @slargernumber before it (witha smaller index), denot
by"00

1 maximal value in the sequencegmbted by "O0
We can directly see that not all sequences h#é ¥ 0 dzii "©& (i Qufor thoSdisequences. Also,
we have thatO0 s strictly smaller thefO0 .
[ S{ Qa atRr&etihgASonal matrix, such that

Qefcod representsii KS ydzYo SNJ 2F 6 4a322Ré &4S1jdzSyOS
such thatd Q£QA0  ¢&,7’00 ®and 006 )

How can we calculate these values? Assuming that we have calculatd aijiv) for all& i) such that
a ¢ and that the last number in sequee isiy we have five cases:

1) Casew @ this case is not possible because then we would lzeved I R¢ & ®éj daSbgrdS o
is bigger tharvand we havea number beforewwhich is bigger tha);
2) Casew and x cxjfhis case is not possible either becauise maximalelementamong thefirst

£z p elements isy but then®is"0d andw @
3) Casex ®andd® Ttowe should adddé pMfw forallfp  mandn  ©
4) Casen o1we should addQ¢ phif) forally dandy @
5) Casad i this is not possible becaud@6 then would begy buted @

So, we have:

Q & Ko Q¢ pmho Q¢ phkM hQ¢d m

Q & o Q¢ phim h EGO T

For the initial states we hav@ pfifto pforallap @ "QThe finalresults B Q& Rd.

A raive implementation of this idea runs in ¢ t'Q , which istoo slow for our constraints. We can speed
up our algorithm if wereturn the required sums in constant time. We cachievethis by creating two
matricesi andi defined as

i &hoho QMo
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i &R Q&him

The initialization of these matrices can be darggng thefollowing recurrent relations
[ thhd | &hd phd Qifd
i thfo @ thhd p  QéeRdho
Finally we have that
Qi | & phif | & phfwAQtd m
Qefcfd | & phifwh VED T
Actually, thereis one more thingve should doMemory complexityof this solution ig) & t'Q which gives

Memory Limit Exceeded, but we can note that we only néezllast two matrices of dimensioi for
every arrayPay attention that youtsould do all calculations modufp

This conpletesthe solution for this task. The time complexityisé t ' Q and the memory complexity is
0 Q.

Solution by:
Name:Boris Gruhbd
Schoold W2 @y W2 @l y2O0A0 %YlF2é DNIYYIFN { OK22f
E-mail: borisgrubi@gmail.com
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Problem R1 06: Visits (ID: 1726)
Time Limit: 10 second
Memory Limit: 64 MB

The program committee of the school programming contests, which are often held at the Ural State
University, is a big, joyful, and united team. In fact, they are so united that the time spent together at the
university is not enough for them, so they often visit each other at their homes. In addition, they are quite
athletic and like walking.

Once the guardian of the traditions of the sports programming at the Ural State University decided that the
members of theprogram committee spent too much time walking from home to home. They could have
spent that time inventing and preparing new problems instead. To prove that, he wanted to calculate the
average distance that the members of the program committee walked whew visited each other. The
guardian took a map of Yekaterinburg, marked the houses of all the members of the program committee
there, and wrote down their coordinates. However, there were so many coordinates that he wasn't able to
solve that problem andsked for your help.

The city of Yekaterinburg is a rectangle with the sides parallel to the coordinate axes. All the streets stretch
from east to west or from north to south through the whole city, from one end to the other. The house of
each member of th program committee is located strictly at the intersection of two orthogonal streets. It

is known that all the members of the program committee walk only along the streets, because it is more
pleasant to walk on sidewalks than on small courtyard pathsoDfse, when walking from one house to
another, they always choose the shortest way. All the members of the program committee visit each other
equally often.

Input

The first line contains the numbérof members of the program committee ( € p 1 8The"@h of the
following ¢ lines contains spaeseparated coordinatesoh of the house of the’@h member of the
program committep  @whd  p ). All coordinates are integers.

Output

Output the average distance, rounded down to an integer, thatember of the program committee walks
from his house to the house of his colleague.

Sample

input output
3 13
10 10
20 20
10 20
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Solution:

In this problem we are givet points and asked to calculatbe average distance between two points.
Clearly th distancedefined inthis problem isManhattan distance- since for walkingrom one to another
point one can use only paths that are paralletiaxis or towraxis.

Let us denote the coordinates for tt'&h point,p C ¢, as afe 8Let’Q "fQ denote the distance
between pointsndQi.e.’Q0 AQ & o « ¢ . "Ywill be the sum of distanceof all pairwise
distinct points.Note that for every two pointandoth’'Q? "@QandQ® @Qwill be countedfor Y

Therefore the output should be——. How can wecalculate™Yefficiently?

Obviouslyjt can be calculated in tim0 € , but taking into accourthe constraints of the problem, that
would be highly inefficient. Formally,

Y 0 HQ
SinceQ "G Q @ we canrewrite "Yas:
Y ¢ 0 A0 ¢ @ ¢ W S C [N W GS

Fromthe above equationve conclude that in order to compu™Yone can split calculan into two parts-
calculatincwdistances and calculatirsydistances.

If wvalues andovalues were sorted, independently from each other, thethim equationwe can get rid of
absolute values. Therefore, from now on assume tahd wvaluesare independently sorted in increasing
order, and rewrite"Yin the following way:

Y ¢ KON @ KGN w

Letd @ B &, andsimilarhd Q@ B  «&Finally, we can rewrit"Yin the following way:

Y ¢ @ 0 Q e 0 Q

In order to sortwandwvalues one can use quick or merge sort and achieve sorting ir0 €1 T& > Thus
overall time complexity of the algorithm ) ¢ &1 T&¢ 0 &1 1¢ : Solution can be big numbegf
the orderp 1), so in the implementation we must ut € &8 &f! "Qapatypes

We can solve this problem in another way (with same time complexity).

2 points 4 points
h l | | I >

| | | | | | |
' 3 5 9 11 13 17 >

Figure 1. Example for the points araxces with coordinatessfuhudp o & X.
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The keyobservation is tat we can calculate the sum of the distances separatelydfaand for w
O22NRAYIFGSad [ SGQa &aSS fhzabrditate yfit is@rhloghudrity. W Have Bhata G | y C
the distance between th¢Gth and 'Q p -th point is & « . Instead of calculating the distance
between every two points, let see which pairs of points pass through this se¢ & Fa> . We can easily

see that the number of such pairs’ ¢ . This is because every pair with one point on ttiedile of

the segment and one point on the right side of the segment passes through (recall thatasraprted).

See example of Figure 1, where we have (apairs of point pass through the segme vhu .

Function: getDistance
Input: n T number of points

X 1 x coordinates of points

Y i y coordinates of points
Output: average distance between points

12 sort arrays x and y;

13 toReturn = 0O;

14 fori=1ton - 1do begin

15 segmentX = x [i + 1] T Xl

16 toReturn = toReturn + segmentX * (i + 1) * (n 1),
17

18 segmentY =y [i + 1] Ty [l

19 toReturn = toReturn + segmentY *i+1)*(n 1),
20 endif

21 numPair = (n * (n T1)/2;

22 toReturn = toReturn / numPair;

23 return toReturn

Pseudo code for the second algorithm

At the end let us mentiothe Serbian 101 2008 preparation where one of the problems was very similar to
this one. Here we will just give the problem statement:

You are givea set"Yof € points inthe plane. Coordinates of the given points are integers. For every given
point O let us denote

Q0 a O B8 OaFEO8d O8%

N

In other word'C © is sum of distance to all other points, where distance between gand 6 is defined
asQQiohd  a @ W8 O &FEO8& 68 .

Find a point for which functicQhas minimal value.

Solution by:
Name Slobodan Mitrovo
SchoolEPFL Lausanne
E-mail: boba555%@gmail.com
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Problem R1 07: Ministry of Truth (ID: 1732)

Time Limit; 10 second
Memory Limit: 64 MB

In whiteblack on blackwhitées written the utterance that has been censored by the Ministry of Truth. Its
author has already disappeared along with his whole history, and now, while Big Brother is watching
somebody else, you, as an ordinary official of the Minitrue, have to deteteedetters from the utterance

so that another utterance will appear, which has been approved of by the Ministry.

The Ministry of Truth defines @ ¢ 1 4@ a nonempty sequence of English letters andban 06 Qi a8& wQ
sequence of one or mor@ords separated with one or more spaces. There can also be spaces before the
first word and after the last word of an utterance. In order to compare two utterances, one should delete
all the leading and trailing spaces and replace each block of consespiees with one space. If the
resulting strings coincide, then the utterances are considered to be equal. When the official deletes a letter
from the utterance, this letter turns into a space.

Input

The first line contains the original utterance and teecond line contains the utterance that must be
obtained. The length of each utterance is at mestt 11 tgymbols. The words in both utterances are
separated with exactly one space; there are no leading or trailing spaces in each line. The original and the
required utterances are different.

Output

LF &2dz OFydid OF NNE 2dzi @2dzNJ 2NRSNE 2dzi Lddzi aL 1! £
utterance replacing the letters that are to be deleted with the underscore character.

Sample

input output
Preved to Medved Preved _ Me
Preved Me
this is impossible | HAVE FAILED!!!
im possible

Solution

Denote the original utterance das andthe utterance that must be obtained as. Next algorithm checks if

stringi can be obtained from string using the rules from the problem statement and, if the answer is
QeSaQsr NBLIIOSa GKS fSHGSNE 6KAOK akKz2dAZ R 0SS RSt
character. The algorithm executes these steps in a cirgdigeshion:

1. Take the next word front and search for it in from the corresponding position (for the first
word it is the beginning df ).
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2. Ifthere is no such substringin K Sy LINAyYyd &L ! 29 C! L[ 95HHHE |y
3. Ok, a word was found. Replace lgfiters ini before the newly found substring and after the
previously found substring (or from the beginningi ofif it is the first word) with the underscore
character
4. If there are no more words to be searched then replace all letters imfter the last found
substring with the underscoreharacter Printi and quit.
5. The next position to start searching for a new substring irs two positions to the right from the
last letter in the previously found substring.

In step 1 what we actdly want is to find out if some pattern appears in the text. For that some fast enough
string searching algorithm should be used. Implementations of string searching algorithms from standard
libraries are generally slow (for example, functions string:(Jind c++ and strstr() in c, their time
complexity i) € , whereg is text length).

The two probably bestnown appropriate algorithms ar&MP (KnuthMorris-Pratt) and BoyerMoore.

Both of them have time complexity ¢ . KMP is easier for implemeatton, but BoyetMoore algorithm is

in general faster, especially on large alphabets (relative to the length of the pattern). A simplified version of
BoyerMoore algorithm is often implemented in text editors for the <<search>> and <<substitute>>
commands.A dightly deeper analysis of the chosestring searching algorithm with the previously
described solution shows that the time complexity for the whole solutian & , wheree is length ofi .

Solution by:
Name: Mladen Radojevd
School: TheFaculty of Electrical Engineering, University of Belgrade
Email: mladen0211@yahoo.com
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Problem R1 08: Old Ural Legend (ID: 1769)
Time Limit:1.0 second
Memory Limit: 64 MB

According to a tale, in the sacred Indian city of Benares, beneath a temgilenérked the center of the
world, Brahma put three diamond needles and plagetgold disks on them. Priests of the temple are busy
transferring the disks from needle to needle. It is believed that the world will perish as soon as the task is
done.

Another legend is known in Ural. It is said that a monastery is lost in woods at the boundary of Europe and
Asia, where the mythical stone flower grew. The monks who live there are doomed to write positive
integers on parchment until the Last Judgement. Nobodgws when and where they started this work.
There is a legend among monks that when the monastery had been built its first abbot was visited in his
dream by the Archangel Gabriel, who showed a stone on the slopes of the Ural mountains where a string of
digits was carved. Gabriel ordered to write all the integers starting from the smallest integer that was not a
substring of that string. If this legend is true, which integer was written by the monks first?

Input

The only input line contains the nonempty iag consisting of decimal digits carved on the stone. The
length of the string does not exce@dTt

Output

Output the positive integer that is the first number written by the monks.

Sample

input output
10123456789 11

Solution

After reading theproblem statement we can shorten it to: what is the smallest positive integer that is not a
substring of a given string?

The first thing we should ask ourselves is how big the ansaebe. Even if each substring of the given
string is a different integethere are at most—— substrings, i.e. integers, whegeis the length of the
given string. So the answer is at magit Tt v fm t. @Obviously, naive brutorce solutionthat checks
each integer would time out.

I d2YY2y GNRO1l AW SNBOWY ILINPEOK I &iinstasih oiyseddsfiRg ath@mbe? and
checking if it is containenh the string, we should get all integers that are contained in the string and find

the smallest that is not. Since the answer has no more thdn@ p rdigits,we can iterate the string
and get all integers with length less than or equal@out of itin0 £t p Tt Sincep # is not really big we
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can do one of the following:

a) Useahash set and then iterate for the smallest integer that is not in the hastSsete it contains
at mostp ® entries, we will find the answer in at mosta  p iterations.
b) Do the same as a), usiagree set (which can be slow, depending on the implementation, but STL
set should do fine).
c) Store the integers in an array, then sdrafterwards and find the smallest missing positive integer
in linear time.
d) Note that the upper bound we used is much bigger than the real onetdtsolve the following
problem: generate an input to this problem that covers the maximal number of imMggand use
arrays instead o hash set. The maximal answer ih Ydza Q G Sad ap furlwar,sé Y £ f
the memory is quite enough.

The complexity i) £¢t1 16C 0 &1 T&Cfor finding the numbers and) ¢1 T¢C for finding the
smallestmissingonein a) and d), o6 £¢1 T¢€¢ T & T&C if we are using b) or c).

The overall complexity with the faster solutiorlist 1 T¢C

Solution by:
Name: Alexander Georgiev
School:Sofia University, Sofia, Bulgaria
Email: esprit.net@gmail.com
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Problem R1 09: Barber of the Army of Mages (ID: 1774)

Time Limit; 0.5 second
Memory Limit: 64 MB

Petr, elected as a warlord of the army of mages, faced a challenging problem. All magicians recruited in the
army had heavy beards, which were quite unacceptable for soldiers. Therefore, Petr ordered all recruits to
shave their beards as soon as possible.@fse, all magicians refused to do it, referring to the fact they
don't know any shaving spell. Fortunately, a magician Barberian agreed to shave all recruits.

. FENBSNRAFY OFy OFad | daCdzaA2y t 2kntdidiansanldbef niina. dnK A O K
order to achieve full effect every magician should be shaved twice: the first spell shaves close, the second
spell shaves even closer. For each recruit Petr appointed a time when he should visit Barberian.
Unfortunately, the discipline in the new ray is still far from perfect, so every magician will come to
Barberian in time, but everyone will wait for the shave until his patience is exhausted and will disappear
after that.

Determine whether Barberian will be able to shave beards of all magicidoselibey disappear.

Input

The first line contains two spaseparated integers and @ £hQ p mnwhich are the number of
recruits in the army and the number of magicians Barber can shave simultaneouslyQitué the
following € lines containsspaceseparated integer® andi (m 0 p mrq i@ p 1M, which are
the time in minutes, at which th&h magician must come to Barberian, and the time in minutes he is
ready to spend there, including shaving time.

Output

If Barberiamk & F 6t S (2 &aKIF @S 0SSk NR& 27F | QhoftEeXololingy & = 2 d:

lines should contain a pair of integefs, 1 which are the moments at which Barberian should cast the

spell on the@h magician0 1 1 0 { p). If at least one magician disappears before being
O2YLX SGSfeé aKlFI@SRIY 2dzildzi | aAy3atsS g2NR ab2éo
Sample
input output

32 Yes

13 12

13 13

13 23

21 No

13

13
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Solution

First we are going to solve an easier version of this task, where one magician has to be shaved only once,

YR . INBSNAIY OFy akKk@S 2yte 2yS YIFIIAAOAlLY Ay 2yS
represented with a node. We will denote thesedes withD ,where 0 represents the @h magician. We
can notice that there isat mogtmm&a SO2y Rax a2 ¢S Oly YI{1S | y2RS ¥

nodes"Y where Y represents@h second. Edges will be constructed in the following way: if e
magician comes to Barberian at til@nd he can wait] seconds, we should connect node with nodes

"YAY RY B RY . Now it is quite obvious that it is lipartite matching problem. If there is a
perfect bipartite matchingon that graph there is a solution and we should write all edges which are in the
perfect matching, otherwise there is no solution.

b2g fSiQa SEGSYR (KAa& a3z2dvayinagigan sh@uNJbe2stizMddtinidéepPwet S Y o
should make a global nod& which will be connected to all nodes in with weight ¢. The second
condition says that Barberian can sha@magicians in one second, so we should make a second global
node"Y which will be connected to all nodes with weight’Q Weight between nodes it and nodes in

"Yis p, because every magician can be shaved only once in one second. Now we have a stenxdaran

flow problem between nodesO(sink) and’Y(target). Ifthe maximum flow through that graph ist 0,

there is a solution and we should write edges which are in maximum flow, otherwise there is no solution.
Because there are at mostt 0 augmenting paths, the complexity of this algorithm is odly) O .

Memory complexity is alsd 0 tO .

Solution by:
Name 5SY2l y DNHz A S
Schoola W2 @Iy W2 @I y2 OA 0 ,MowiSad DNI YYI NI { OK2 2§
E-mail: demjangrubid@gmail.com
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Problem R1 10: Space Bowling (ID: 1775)

Time Limit; 1.0 second
Memory Limit: 64 MB

The inhabitants of planets orbiting around the pulsar PSR 2010+15 enjoy playing space bowling. A few
cylindrical pins of unit diameter are set on a huge field. A player chooses a certain point of the field and
rolls a ball from this point, trying to destroy agny pins as possible. After the ball is released, it rolls in a
straight line, touching the surface all the time before rolling away from the field. If the ball touches a pin,
this pin dematerializes, and the ball doesn't change direction. To scsirke, the player has to destroy at
least™Qpins in one shot.

Unfortunately, aliens haven't yet invented a machine that would return the balls that rolled away from the
field. Instead, they use a machine that materializes a new ball from vacuum beforeskathA player
enters the diameter and in a second he obtains a ball of exactly the same diameter.

It is time for an alien Vagas to roll a ball. There agepins standing on the field at the moment. Help Vas
Vas to determine the minimal diameter of alb&e can score a strike with.

Input

The first line contains spaseparated integers and QP Q ¢ ¢ mmnThe@h of followingé lines
contains spaceeparated integersw andw ( p T whd p 1), which are the coordinates of the
centersof pins. All pins are situated at different points.

Output

Output the minimal possible diameter of a ball which can be used to score a strike, with absolute or relative
error not exceeding 18. If a strike can be scored with a ball of arbitrarily smadinditer, output
andnnnnnneod

Sample

input output
54 1.0000000000
04
06
64
66
30

Solution

Let us firsmakea couple of observations. Suppose that the starting position of the ball of radsusdt ,
and that we roll it in some directiof The gay area in the Figure 1 (plus the area of the ball) represents all
points that are touched by the ball. Note that moving the ball to the left, in the opposite diretbom'Q
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only increases thisarea, Bn KSy 0S S OFy Y2@S Al aAyTAy-Kigueb.ea

CAIdzNBE mY w2ffAy CA3IdzZNB HY az2@Ay3a i

This allows us to completely ignore the starting position of the ball, and consider only the strip of \ai&lth
the area affected by the ball. With this new setting in mind, our goal is to find minimsuch that there is
a strip of widthi that intersects at leasOballs.

A 3JdzNB oY tAya FyR &zt

Since bruteforcingour way throughall possible strips i®o slow, we need an observation abouthat the
solution looks like. Let us consider an example with the set of pinaaodsible solution stripe as on the
Figure 3, anl suppose thaiQis ¢.

It is easy to see that the given solution can be improved, shortened, by moving the upper boundary of the
stripe down and the lower boundary of the stripe up.

t

CAIdzNB nY LYLNRYSR a

Moving the upper boundary further down causes the loss of intersection with the topmost pin, and hence it
would no longer be a possible solution. Thus we can conclude that in the optimal solution there is at least
one pin such thathe upper boundary isangential to it and its center lies outside of the stripe (and
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similar statement holdsfor the lower boundary). If that is not the case, we can mtheupper boundary
further towards the lower one until this happens, because in ordetterball not tobe intersected by the
stripe anymore we need to pass the moment whi&hupper bound is tangential to it. Hence pfng
exactly at that moment does not chantfee number of intersections.

CAIdzNBE pY w2ildAzy

However, for two fixed pins, there arefinitely many stripes that are tangential to them (one from the
below and one from above). Note that only those stripes that are tangential to at least one additional pin
are candidates for the optimal solution, because otherwise we could rotate the siriffee direction that
RSONBIaSa Ala 6ARGK ONRGIFGS oFigpuRSzyRa (62 FAESR LA
We can now easily transform tee observations into a solution. Since we know that the upper and lower
boundary of the solution stripe must be tang&l to at least one pin, and that it further needs to be
tangential to at least one additional pin, we can assume that the center of this additional pin will be above
the upper boundary. Hence, we can iterate over all paiifo of pins, and fix themmas pins that are
tangential to the solution stripe and whose centers are above it. After that we just need to find a pin that
will be tangential to the lower boundary. Note that we can do this greedily, by selecting®hec th
farthest pin from the linghat goes through the centers of pinsand @(and that is also below it, since we

are looking for the lower boundary). Taking any other pin gives edhsirip of larger widthor too few
intersections. Since there age pairs, and for each pair wen find the 'Q ¢ th farthest one inj ¢ , the

total running time ish ¢ . Note that foran easier implementation, selecting can be done ih 1&Gsort

and then pick) which gives ¢ 1 T£G which is still good enough fér ¢ .10

Solution by:
Name Rajko Nenadov
SchoolETH Zurich
Email: rajkon@gmail.com
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Problem R2 01: Funny Card Game(ID: 1166)

Time Limit:1.0 second
Memory Limit:16 MB

Of course all of you want to know how to become ACM world champions. There is no exact answer to thi
question but it is well known that the champions of the last two ACM World Finals enjoyed playing the
following funny card game. Two or more players can play this game simultaneously. It is played using a
standard 54card deck. At the beginning the plagesit forming a circle. One of the players shuffles the deck
and then he deals the cards in clockwise order starting from the neighbour on his left. He deals the top card
of the deck to the current player each time. He does it until each player getsdids. Then he takes the

top card of the deck and lays it onto the table face up and he also lays the remainder of the deck nearby
(these cards are laid face down preserving their original order). The card laid by the shuffler is considered
as the first tun of the game (as if it was made by the shuffler to the player on his left).

The normal game flow as following: the player should cover the last laid card with the card of the same suit
or value. If he has none, he takes one card from the top of the deck and again checks this condition. If still
there are no matching cards, the mowill go to the next player (his left neighlm). But for some cards
special rules are applied:

1. If the laid card is 6, the player takes one card from the top of the deck and skips his turn
If the laid card is 7, the player takes two cards from the tothefdeck (if there is only one card in
the deck, he takes just it) and skips his turn

3. Ifthe laid card is Ace the player skips his turn without taking any cards

4. If the player lays Queen, he himself announces the suit of the card it should be covered with

5. Hght is one of the most powerful weapons in this game. When it is laid, the next player has to
cover it in any case. If he cannot cover it with his cards he has to take cards from the deck, until he
is able to cover it.

6. And the most important card in theagne is the King of Spades. If it's laid, the next player takes 4
cards from the top of the deck (if there is not enough cards in the deck, he takes all of them) and
skips his turn.

You may assume that the deck is looped and the laid cards are immediatglpgrto the bottom of the

deck. So it can happen that the player has to cover the card by Welfshould say some words about
Jokers. Jokers can have any card value by the wish of the player who has it. If the player lays the joker, he
assigns a defite card value and suit for it, so this Joker has this assigned value until another player takes it
from the deck (if it ever happens). The player is free to use or not to use the Joker whenever he wants (if it
is his turn to play, of courself. the playeris left without any cards in his hand, he is considered a winner
and the game continues without him (his left neighbour becomes the left neighbour of his right neighbour).

If there is only one player left, he is the looser, so he is called a Japanegé RoalRussian name of this
game).We are interested in the following situation. Consider the moment when only two players are left in
the game. If one of them has a special combination of cards, it may happen that he can lay out all his cards
in a somesequence so that the other player won't get a move (he'll just have to take cards from the deck
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and skip turns) and will be the loser provided the first one finds the winning sequence.

You will be given the position of the game in which only two plagedeft. Your task will be to determine
whether such a winning sequence for the first player exists or Wa.will consider that the first player

have already taken all cards from the deck that he had to (if any), so he cannot take any cards from the
deck. We will also consider that if the last laid card is a-skip card, it was the second player who skipped

the turn.

Input

The first line contains cards of the first player separated by spaces. The second line contains the last laid
face up cardThe card description consists of two characters. The first of them corresponds to the card
value (29 for digits, T for 10, J for Jack, Q for Queen, K for King and A for Ace). The next describes the suit
of the card and may be one of the following: S for Sgadefor Clubs, D for Diamonds or H for Hearts. Joker

is represented by a character *'. If the last laid card is Queen, it is followed by a suit letter. If the last laid
card is a joker, then the ' is followed by an actual card description (the carfigueby the player who

laid the Joker).

Output

The first line should contain a single word YES or NO signalling whether the winning sequence exists. If the
answer is positive the second line must contain the winning sequence of cards separated by Apaces.

the input, the Joker is to be followed by a card specification and the Queen should follow a suit letter. If
there is more than one solution you may output an arbitrary one.

Sample
input output
6C QD 6SKS 7S * YES
*QHS 7S KS 6S 6C *6D QDS
Solution:

This problem was tricky in terms of understanding and coding, but the idea hiding behind it is more or less
standard.

CANRGZ fS0i0Qa NBFR (GKS GSEG 2F G(KS LINRofSY Otz2aSte

1 The part about pickingpcards from the deck is obviously irrelevant to the solution so we can
simply ignore it wholesale.

T [SGa OFrtt OFNRa GKIF{G R2 v ardinafgdargsSit id clear thid Dthe £ NI
first player has two or more ordinary cards in hsnd he cannot finish the game, and if he has
exactly one ordinary card the only way to finish is to play that card last.

1 Queens and eights can for our purposes be considered ordinary cards as well (although we will
have to pay attention to the case whangueen is the last laid card at the start).

1 There is no point to play a joker as a card you already possess in youg has@lways smarter to
simply play that card instead and keep the joker because it is more versatile.
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9 There is no point to play aker as an ordinary card.

From all this, we can conclude that the largest amount of cards we will be dealing with at any poiqtdis 16
sixes, 4 sevens, 4 eights, the King of Spades, two jokers and one ordinary card.

The simplest way to solve this is t@eubacktrackto try all possible paths until we reach one that
ddz00SaaFdzAZ te 3ISGa NAR 2F ff GKS OFNRao® [ SGQa GNE
The highest amount of possible moves in a position (the branching factor) is 7 (if the last c&dAnas8

of spades and we have at least one joker in h@ndote again that we should never use jokers as
replacements for cards we currently possess, and that if we have an ordinary card we should never play it
until the very end). Of course, we can imethat kind of situation at most five times (until we spend the

three spades and the two jokers), and otherwise the branching factor cannot be over 6. Also, we never
have a meaningful choice when we have reached the last special card (even if it is)aJoktihne upper

bound on the number of positions we can go througf is X Jdpeprr.

Note that a much better upper bound can be calculated by examining the problem more closely and that
card configurations that come close to that bound will have many solutions, so only a small portion of the
search space will have to be traversed beforefind one. This means that it is actually possible that a very
fast implementation of this approach using some good heuristics will pass all the tests. However, a much
safer way is to use hitmaskto store the positions we have already been in and thusidhwinnecessary
calculations.

To keep all data about a position during our move we will need the following information: which cards from
our original hand are still present (1 bit per card for 13 special cards and 2 more bits to keep track of the
jokers) ad which card is laid on the table (5 more hitsemember that the only time this can be a non
special card is at the very beginning so we use 4 bits to specify a card, plus one more bit to know if it was
actually a joker posing as that card). This givestal of¢  possible positions at most.

For each position all we care about is whether it leads to a solution, which takes up just one bit. If a solution
is found, we can easily reconstruct the path since we are already storing th@eldstetd card foevery step
of the way.

Now, since we know that we never have to go through any position more than once, we can conclude that
the overall time igh ¢ , where¢ is the number of special cards (or jokers) in our original hand. Since we
have seen that cannot be larger than 15, we finally conclude that, even after including the constant
factors, we still have more than enough time to calculate everything. The memory complexityis @lsg

but it is probably simpler to just allocate bits (or eveng  booleans) in advance and not worry about it
afterwards.

There are several small obstacles involved in the implementation, such as correctly interpreting the input
(including cases when a joker or a queen is the last laid card) and dealing with jelteve, Will leave that
to the reader.

Solution by:
Name Andrija Jovanowd
School:School of ComputindBelgrade
Email: ja.andrijg@gmail.com
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Problem R2 02: Shots at Walls (ID: 1390)

Time Limit; 3.0 second
Memory Limit:64 MB

A new pistol is beingested. The pistol can fire shots with variant bullet speeds. In some points of time
shots are fired from the point of origin with certain horizontal speeds, and in some other points of time
walls are built on a horizontal platform. The walls are 1songuar segments lying on lines that do not go
through the point of origin. The walls may intersect. For processing of the test results, you are to determine
the time that each shot bullet had been flying for. You can assume that the speed of the bullethaftés
constant.

Input

Each line of the input begins with either "shot", "wall", or "end" (without quotes). The number of lines
doesn't exceed Tt TT.TAftEr "shot", the two coordinates of speed of the bullet are listed; the speed cannot
be zero. After'wall", the four numbers follow, being the coordinates of wall's beginning and end. "end"
denotes the end of the input. All the coordinates are integers whose absolute values doesn't exceed 10000.
All the events are listed in chronological order, and timirvals between the events exceed the time
needed to build a wall, or the time needed for bullet to reach the next wall or end of the proving ground.

Output

For each of the shots, you must output the single number, on a line by itself: the time thahtile¢ had
been flying for, with precision of 1D If the bullet doesn't hit any wall, you must output "Infinite" instead of
a number.

Sample
input output

shot 1 0 Infinite

wall1001 0.50000000000000000000
shot11 Infinite

shot -13 0.50000000000000000000
wall10 -12 0.33333333333333333333
shot -13 2.00000000000000000000
wall11  -11 0.05000000000000000000
shot -13 0.00020000000000000000

wall 2 3 2 -3
wall 3 -2 -3 -2
shotl -1

shot40 -39

shot 9999 - 10000
shot -1 -1

shot -3000 -2000
shot -3001 -2000
shot -3000 -2001
shot10

shot11

wal -1210 -10

2.00000000000000000000
0.00100000000000000000
Infinite

0.00099950024987506247
1.00000000000000000000
0.50000000000000000000
1.00000000000000000000
0.90909090909090909091
0.43478260869565217391
0.83333333333333333333
2.00000000000000000000
3333.33333333333333333
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shot -11
shot0 1

shot11

shot10

shotl -1
wall0  -10000
shot -2 -1
end

- 10000 0

Solution:

We can consider each shot having two attributedirection and speed. The direction is the polar angle at
which the shot is fired. We will use it to determine the wall which the shot hits. The speed is the change of
each coordinate for 1 time unit and i given in the input. Let's denote them withdithe change i
coordinate, and) (the change in>coordinate. Oae we know which wall is shaf any, we can easily find

the time the bullet had been flying for.

We find the equatiorfor the line of the wall in the fornd t c
the wall- so the bullet crosses the line. The bullet is at poibt 0 &t 0 & at time 6. From this we have
the equationd t6tL @ 6 totL w 6. We can findfrom this equation.

6tw

0. We know that the shot crosses

Now the tricky part: how to find which wall is hit by the bullet? For each shot we know the direcion
angle from segmentrix; t“ . We must use some data structure so we can do two things with it:

 answeri KS 1jdzSadGdAz2yyY

g KA OK

9 insertanew wall and update the data structure.

gl tt

A a

7 A

At each time we keep a sequence of intervals and a wall corresponds to each interval. It looks fiike:

cwallo for Qv ph), wherem | I
0KA &

481 d8Sy08 2F Ayl SNDI ¢

| 1 E

ao

2 KSy

KAG AF (K RA NF
¢* . There might be gaps in
0 KSNBfinke ® I I LI G

Let's imagine we add a wall. We know the coordinates of the wall's both endgs $@n find their polar

anglesg say they ar¢ andf

(we have to be careful when the wall crosthe U aaxis i.e. when the

angle 1t should be in the interval)lf no other interval we had in our structure before intersects with
| KB hwe can just add it to the data structure and say it corresponds to the current wall we add. This
means that no other wall had covered theerval |

Otherwise we have to process each interval which intersects it. The order in which we process them

doesn't matter. Imagine we have to process an interyvalfi
from the data structure. We see the walls corresponding to both intervals and decide which is
closer to the origin at each angiewe get some new intervals. We are left with a part|offj

IR

which crosses|

B . First we remove

¢ which is

the interval which intersected the interval we add. This part is added to the data strugitirgon't cross
¢ the one we try to add which doesn't

anything else and we are done with it. We have a part ofi
we added in the data structure. But this interval can cross another interval from

cross the part of| R

our structure. While we are left with a part of the interval we are trying to add on this step whidses
an interval from the data structure we have to process those intervals and split them into smaller intervals.

A little more detail about the data structure: it has to support fast searches, erases and insdrti@¥s:
we can usdhe set classto store the intervals. We just need to predefine the comparison operator so the
intervals are sorted as we want. We have a number of disjoint intervals. We want the intéptip to
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be before OchiYc 6 KSYy A G Aa Sy diNBty@ iic2if vieo®rlogdfth® Eadmparisprif A (
operator like this we can easily find the intervals which our interval intersects. We just need to search for
our interval in the set and the one returned will be one of the intervals intersected by ours. How to find
which wall is hit if the direction of the shot|i€ We just need to search for the intervah

Solution by:
Name: Yordan Chaparov
School!Atanas Radev' Mathematics High School, Yambol, Bulgaria
E-mail: ancho_mg@abv.bg
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Problem R2 03: Wires (ID: 1460)

Connoisseur of sound Vova decided to update his equipment. One of the ways to improve the sound is to
use pointto-point wiring with heavy wires, and the wires must be as short as possible to dintirésh
resistance. It is clear how to connect two terminals, it is also easy to find an optimal wiring for three
terminals. But what about four terminals?

There are four terminals on a circuit board. You should connect them (there must be a contact between
each pair of terminals). It is permitted to add at most three auxiliary terminals and to connect terminals
with wire pieces. The goal is to minimize the total length of the wires.

Input

0 is the number of tests

ap up the first test
0K 6%
x3y3
x4 y4

x1 ylthe second test
X2 y2

x3y3

x4 y4

X

p 0 p b areintegers, ¢ T 1T whd

Output

For each test, you should output a line containing the minimal possible length of the wires. The number

Time Limit; 1.0 second
Memory Limit:32 MB

must be gven with at least four fractional digits.

Sample

¢ T,MO two points coincide in each test.

input

output

00
20
21
30

00
01
10
11

3.9093
2.7321
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Solution:

This problemin combinatorial optimization is known dke Steiner tree problem The original problem

(also known as Elidean Steiner tree problem) isGiven0 points in the plane, the goal is to connect them

by lines of minimum total length in such a way that @ngoints are connected directly kyline segment,

or via other points and line segments. It may be shown thatHerEuclidean Steiner prodin points added

to the graph (called Steiner points) must have a degree of three, and any two of these three line segments
must form ap ¢ aegree angle. It follows that the maximum number of Steiner points that we need to add
is 0 Z ¢, where0 is the initial number of given points. In this task we have 4 points, so the number of
Steiner points here equats We are not going to prove this, instead we will just show how to find Steiner
points and give one of the ways to implemeint

We can split the task into two smaller taskased orwhether the starting quadrilateral is convex or not.

If the quadrilateral is not convex, we take tbigoints that formthe triangle which contains the last point
and findFermat's pointfor this triangle. If Ferma® point is inside a triangle then we reate minimum
total length by connecting atl points with it, else we need to connect the point the triangle with the
other o points.

Figure-"Oh & CSNXI Q& O6LO26AYy (G 2F GNRAIF y3f S

If the quadrilateral is convex, we need to find two Steiner points using the following algorithm:

1 We castruct ¢ equilateral triangles using opposite edges of the quadrilateral and mark their
third points withOand"O(Oand"Oare outside of the quadakeral)

We construct circles p and0 ¢ around theseg triangles

Intersection of lin€D "@Wvith circlesy p and v ¢ consists ofwo points (possibly identicalpandQ

1 Points’Oand"Oare Steiner points of that quadrilateral.

=a =4

We getthe minimal network if weconnect the points like in theigure 2.
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Figure 2. Example fdine convex case

If these points are outside of the quadrilateral, then it is best not to include any of them, and connect the
starting points by edges of the quadrilagétikein the Fgure 3.

Figure 3. Another example ftite convex case

Since it is always better to avoid many special cases in the implementation of a geometry problem, here the
easiest way to do that is the following: we find Fer@gioint for eacho points of the quadrilateral (that

way we eliminate the case in which the quadrilateral is not convex), and find Steiner points for both pairs of
opposite edges. This way we gepoints which we can include in getting the minimum network. Now we

try out all cases for adding; points, for adding one point, and without adding any points (which is
gty Y p x ocases). When we have chosen the points we want to add, we rtrakeninimum
spanning treewhere vertices are the points we have, and edges exist betweeryaw® of the vertices

and their weidpts are distances between the points. From all the cases, we take the smallest tree we have
320 a GKS az2fdziAz2yed® 2A0K adzOK AYLX SYSyidlGdAz2y 4SS
is convex nor whethert&ner and Fermat points are inside or outside of the quadrilateral.

Solution by:
Name: 5 dzOl y & Diini@jé RirgbAStefan Stojano
SchoolD@ YY | aAdzy a{ @SH2bAQJ) al NJ] 2 OA
Email: zdravkovicdusan@hotmail.com, dimke92@gmail.cdatarlord@gmail.com
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